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The doctoral thesis is a set of scientific publications written and published
during the years 2015 - 2024. All papers are published in scientific journals
or in article books of some conferences. The set of publications contains 14
([29]-[33], [35]-[41], [43], [54]) scientific articles, seven ([35], [36], [38], [40],
[41], [43], [54]) were published in the journals indexed in SCOPUS and one
of them ([39]) has been published in the Axioms MDPI (indexed in WoS,
Q2) journal.

The promotional work is devoted to the study of systems of ordinary
differential equations that arise in the theory of complex networks. The gene
regulatory networks (GRN networks) and artificial neural networks (ANN



networks) are networks of this type.

The object of the promotional work is a certain class of systems of ordi-
nary differential equations (ODE). These systems have a special quasi-linear
structure and contain both linear and nonlinear parts. The nonlinear part
is represented by sigmoidal functions. The Gompertz function is selected of
them.

Aims of research: The aim of the work is to study one class of systems
of ordinary differential equations that arise in the theory of gene networks
and artificial neural networks. These systems consist of nonlinear and linear
parts. The nonlinear part is represented by sigmoidal functions, of which
the Gompertz function and the hyperbolic tangent function are used in the
work. Special attention is paid to the study of the properties of attractors,
the analysis of the evolution of systems, and the prediction of the behavior
of solutions.

The research tasks:

e define a system of ODE modeling GRN and using the Gompertz func-
tion as a nonlinearity;

e obtain formulas for the study of the critical points of GRN type sys-
tems;

e compare the results for GRN systems using Gompertz function with
similar systems using other sigmoidal functions;

e transfer the results obtained for GRN systems to systems arising in
ANN theory and containing the hyperbolic tangents function as a non-
linearity;

e compare the results obtained for GRN systems with the results ob-
tained for ANN systems;

e compare the results of periodic attractors in GRN and ANN systems,
as well as construct relevant examples;

e prove the existence of periodic attractors for GRN and ANN systems
focusing on similarity of both systems;

e prove the existence of periodic attractors for GRN and ANN systems
of order two, three and higher;



e detected sensitive dependence of solutions to ANN systems by calcu-
lating Lyapunov exponents;

e provide some observations and remarks on the problem of controllabil-
ity and management of GRN and ANN systems.

Methods used in the study:

e linearization and local analysis of critical points;

e constructing periodic attractors by using Andronov-Hopf bifurcation
from stable focus;

e constructing systems of higher dimensions by using low-dimensional
blocks and then coupling systems by adding new elements;

e geometrical analysis of phase plane and phase spaces considering the
nullclines;

e analyzing phase spaces and vector fields associated with GRN and ANN
systems with respect to invariant sets;

e detecting of sensitive dependence of solutions to GRN and ANN sys-
tems by calculating Lyapunov exponents;

e extensive use of computational experiments in studying GRN and ANN
systems.

The results were communicated at several conferences of different levels, in-
cluding 11 International Scientific Conferences:

1. 82 st International Scientific Conference of the University of Latvia with
the report “Remarks on mathematical modeling of gene and neuronal
networks” (Riga, February 23, 2024);

2. International Conference of Numerical Analysis and Applied Mathe-
matics 2023 (ICNAAM 2023) with the report “On control over system
arising in the theory of neuronal networks” (Crete, Greece, September
11-17, 2023);

3. 26 th International Conference on Mathematical Modelling and Anal-
ysis with the report “Comparative analysis of models of genetic and
neuronal networks” (Jurmala, May 30 - June 2, 2023);



10.

11.

12.

13.

. 65 st International Scientific Conference of Daugavpils University with

the report “On linearization on some system arising in the theory of

neural networks, in the neighborhood of a critical point 7 (Daugavpils,
April 20, 2023);

81 st International Scientific Conference of the University of Latvia
with the report “On computation of parameters in Artificial Neural
Networks mathematical models” (Riga, February 24, 2023);

61 st International Conference on Vibroengineering with the report “On

a three-dimensional neural network model” (Udaipur, India, December
12-13, 2022);

. International Liberty Interdisciplinary Studies Conference with the re-

port “Mathematical modeling of three-dimensional genetic regulatory
networks using different sigmoidal functions” (Manhattan, New York,
January 16-17, 2022);

1 st International Symposium on Recent Advances in Fundamental and
Applied Sciences (ISFAS-2021) with the report “Mathematical mod-
elling of GRN using different sigmoidal functions” ( Erzurum, Turkey,
September 10-12, 2021);

79 th Scientific Conference of the University of Latvia with the re-
port “Andronov - Hopf bifurcation in 2D systems” (Riga, February 26,
2021);

78 th Scientific Conference of the University of Latvia with the report
“Gompertz function in the model of gene regulation network” (Riga,
February 28, 2020);

77 th Scientific Conference of the University of Latvia with the report
“Z-shaped isoclines in GRN differential system” (Riga, February 18,
2019);

76 th Scientific Conference of the University of Latvia with the re-
port “Gompertz sigmoidal function in the 2-component network model”
(Riga, February 23, 2018);

60 th International Scientific Conference of Daugavpils University with
the report “Critical points for sigmoidal function” (Daugavpils, April
27, 2018);



14.

15.

16.

17.

12 th Latvian Mathematical Conference with the report “Critical points
for sigmoidal function” (Ventspils, April 13- 14, 2018);

11 th Latvian Mathematical Conference with the report “Solvability
conditions of the resonant problem” (Daugavpils, April 14, 2016);

57 th International Scientific Conference of Daugavpils University with
the report “Dirichlet boundary value problem for one system of differ-
ential equations” (Daugavpils, April 12, 2015);

56 th International Scientific Conference of Daugavpils University with
the report “The Dirichlet boundary value problem for a system of two
second-order differential equations” (Daugavpils, April 8, 2014).



1 INTRODUCTION

In this work, we consider problems arising in mathematical modeling of net-
works. We focus on modeling gene regulatory networks and artificial neuronal
networks. Networks of this type are everywhere. They consist generally of
elements which are usually called nodes and links between nodes. The nature
of networks may be different. Networks are present in nature, human society,
literally everywhere. They can be enormously large, like networks of astro-
nomical objects, stars, planets, and galaxies. At the same time, they can be
very small and even unrecognizable and not seen by unarmed eyes, for ex-
ample, the gene networks in a living organism. To understand the structure
and principles of functioning of networks in nature, scientists should collect
huge files of the results of observations. These data are to be collected, sys-
tematized, analyzed, and classified. Sometimes and even usually this is a
very hard task. To make this task easier, the mathematical modeling can be
used. As usually, the mathematical models are objects existing in the virtual
realm of mathematics. These objects should be created, step-by-step veri-
fying their adequacy according to the researched phenomena. Experiments
should be done in a model. The analysis is of a mathematical nature, and
the mathematical tools, standard or created exactly for a particular object of
the study, are to be used to analyze the model. The results are recorded, sys-
tematized, and classified. Hypotheses are formulated in order to understand
better the object of the study. Hypotheses are to be verified, and either to
be confirmed or disproved.

Simple networks, like groups of humans, small populations, a number of
static objects can be investigated using the mathematical apparatus of the
graph theory. Graphs consist of vertices, edges between vertices, and charac-
teristics of both vertices and edges. Sometimes graphs can be visualized and
analyzed straightforwardly. For networks of large size, this can be a com-
plicated task. As an example, one might think of transportation networks,
networks of industrial objects, and so on.

The structure and properties of networks may change over time, and
these are the more interesting networks. Based on the analysis of the past
of a network, and knowing its main principles of functioning, one may think
about predicting of future states of networks. Depending on the nature of a
network, this may be the most important challenge.

To illustrate this, let us speak about genetic networks. The existence
of genetic networks was not known before the great finding in the field of
genetics and biology in general. Now it is known, that genetic networks
are present in any cell of any living organism. It can be imagined as a
collection of nodes, which are to be called genes, which communicate with



each other. How do they do this? They are sending messages in the form
of proteins. These messages are accepted by other genes, and the whole
network elaborates common reactions. For instance, a genetic network is
responsible for the reaction of an organism to diseases. They govern the
most important processes in the growing animal or human. Their activity
is decisive in morphogenesis, the process of formation of the internal organs.
Due to the investigation of geneticists, biologists, and zoologists, the spots on
a leopard, and strips on tigers and zebras appear as the result of programming
in genomics, and the formation of these properties takes place under the
control of gene networks.

Another example of a network is a collection (huge) of neurons in a hu-
man’s brain. Neurons accept electrical signals from other elements of a net-
work and produce their own signals, which are transferred further. The
collective reaction, quick or not, depending on a situation, helps a human
to perform its usual functions, like work, communicating with society, and
solving creative and algorithmically defined problems. It was amazing that
a human can easily recognize images, which is a difficult task for robots and
controllable devices. This type of network belongs to biological neural net-
works. There are still many problems that can be solved by humans better
than a computer or other automaton can do. Attempts to copy the work of
a human brain have led to artificial neural networks (ANN briefly). ANN is
a collection of units, which are called artificial neurons. These units are con-
nected. They can transmit an accepted signal to other units. An artificial
neuron receives signals and transmits them after being processed to other
neurons connected to it.

The dynamics of both types of networks, GRN (gene regulatory networks)
and ANN can be modeled by ordinary differential equations. Each element of
a network is denoted by x;. The physical meaning of x; is, of course, different
for GRN and ANN. Mathematics as a fundamental science that knows many
examples of physical, mechanical, chemical, etc. processes, which are quite
different in nature, but described by similar mathematical models. This is
the case for GRN and ANN. Both have a finite, but probably very large
number of elements, which we will denote by z;. Each x; can be measured
(mostly imaginary) by a number, which is denoted also x;, but it is dependent
on time, z;(t). So an investigator deals with a number of functions, which are
dependent on each other. The collection of z;(t),7 = 1,2, ..., forms the phase
space, which mathematically is Euclidian. The relations between elements x;
should be described. One, very rough, way to do this, is to define the so called
regulatory matrix, which is denoted usually W. It is n X n matrix, where n
is the number of elements in a network. The element w;; is a number, that
characterizes the influence of an element z; on the element z;. The convention
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is, that positive elements of the matrix W mean activation, negativity means
repression (also called inhibition), and zero value of w;; means no relation.
Once these preparations are made, the system of differential equations can be
produced, which describes the dynamics of a network, since functions z;(t)
change in time following the rules, defined by a system of ordinary differential
equations (ODE briefly). The great feature of studying the relative system of
ODE is that one might use the mathematical apparatus for the study of such
systems and to make predictions on the behavior of solutions x;(t), which
are considered now as solutions in a system of ODE. The mentioned systems
were defined earlier for GRN networks, and for ANN networks. When we
look at those systems, we observe certain similarities. That means that these
systems can be studied simultaneously, and results obtained for GRN systems
can be used for the study of ANN systems, and vice versa.
This is the main thrust of the presented work.



DESCRIPTION OF THE SET OF SCIENTIFIC PUBLICA-
TIONS

Here we provide a brief description of the articles in the set of articles
forming this thesis.

In the article “Ogorelova D. Gompertz function in the model of
gene regulation network. Proceedings LU MII, vol 18 (2018), 23—
327 2D-model of gene regulation network is considered where the sigmoidal
function is the Gompertz function. The description of attractors is obtained
depending on parameters.

The article “Ogorelova D. Description of critical points in equa-
tions arising in applications. Sigmoidal functions in network the-
ories. Proceedings LU MII, vol 19 (2019), 50-56" contains a de-
scription of a three-dimensional GRN type system, where nonlinearity may
be any sigmoidal function. Then the author focuses on the case of Gom-
pertz nonlinearity. Formulas for the linearization of the system are derived.
Formulas are applied to analyze two examples.

The article “Ogorelova D., Sadyrbaev F., Sengileyev V. Control
in Inhibitory Genetic Regulatory Network Models Contemporary
Mathematics (Singapore), 2020, 1(5), pp. 393-400" studies the
system of two first order ordinary differential equations arising in the gene
regulatory networks theory. The structure of attractors for this system is
described for three important behavioral cases: activation, inhibition, and
mixed activation-inhibition. The geometrical approach combined with the
vector field analysis allows for treating the problem in full generality. A num-
ber of propositions are stated and the proof is geometrical, avoiding complex
analytics. Although not all the possible cases are considered, instructions
are given on how to handle specific situations.

The article “D. A. Ogorelova, F. Zh. Sadyrbaev. Gompertz
function in the model of gene regulatory networks. Itogi Nauki @
Tekhniki. Seriya “Sovremennaya Matematika i ee Prilozheniya.
Tematicheskie Obzory”, 2021, Vol. 195, pp. 88-96" examines
a network model (including gene regulatory networks), which consists of a
system of two ordinary differential equations. This system contains several
parameters and depends on the regulatory matrix, which describes interac-
tions in this two-component network. We consider attracting sets of the
system, which vary depending on the parameters and elements of the regu-
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latory matrix. Our considerations are of a geometric nature, which allows us
to identify and classify possible interactions in the network. The system of
differential equations contains a sigmoidal function, which makes it possible
to take into account the peculiarities of the networks response to external
influences. The Gompertz function was chosen as the sigmoidal function,
which allows us to compare the results with similar results for models of
two-component networks based on the logistic sigmoidal function.

The article “Ogorelova D., Sadyrbaev F. On a three-dimensional
neural network model. Vibroengineering Procedia. 2022, vol. 47,
pp. 69-73" studies the dynamics of a model of neural networks. It is shown
that the dynamical model of a three-dimensional neural network can have
several attractors. These attractors can be in the form of stable equilibria
and stable limit cycles. In particular, the model in a question can have two
three-dimensional limit cycles.

In the article “Ogorelova D. On a system of ordinary differen-
tial equations, arising in applications. Proceedings LU MII, vol
22 (2022), 5-127, the two-dimensional system of ANN type is considered.
The nonlinearity in the system is the hyperbolic tangent function. The coeffi-
cients at 1 and x5 which are interpreted as signals of two neurons for matrix
A, which play the same role, as the regulatory matrix W in GRN theory.
Several cases of interaction of two neurons are considered. The graphical
analysis of nullclines is made and the characteristics of critical points are
obtained. The article is well illustrated.

In the article “Ogorelova D., Sadyrbaev F. Periodic attractors in
GRN and ANN networks. IEEE Xplore, 2023, 4/’ who provides the
conditions for the existence of a periodic solution in two-dimensional systems
of ordinary differential equations, which arise in the theory of genetic and
artificial neural networks. The proof is based on Poincare-Andronov-Hopf
bifurcation. Multidimensional attractors can be constructed using the two-
dimensional ones. Illustrations and examples are provided.

The paper “Samuilik 1., Sadyrbaev F., Ogorelova D. Compar-
ative Analysis of Models of Gene and Neural Networks. Con-
temporary Mathematics (Singapore), 2023, 4(2), pp. 217-229”
describes in the language of mathematics, the method of cognition of the
surrounding world in which the description of the object is carried out the
name is mathematical modeling. The study of the model is carried out us-
ing certain mathematical methods. The systems of the ordinary differential
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equations modeling artificial neuronal networks and the systems modeling the
gene regulatory networks are considered. One system consists of a sigmoidal
function which depends on linear combinations of the arguments minus the
linear part. Other system consists of a sigmoidal function which depends
on the hyperbolic tangent function. The linear combinations and hyperbolic
tangent functions of the arguments are described by one regulatory matrix.
For the three-dimensional cases, two types of matrices are considered and
the behavior of the solutions of the system is analyzed. The attracting sets
are constructed for several cases. Illustrative examples are provided.

The article “Ogorelova, D., Sadyrbaev, F., Samuilik, I. On Tar-
geted Control over Trajectories of Dynamical Systems Arising in
Models of Complex Networks. Mathematics, 2023, 11(9), 2206”
considers the question of targeted control over trajectories of systems of
differential equations encountered in the theory of genetic and neural net-
works. Examples are given of transferring trajectories corresponding to net-
work states from the basin of attraction of one attractor to the basin of
attraction of the target attractor. This article considers a system of ordi-
nary differential equations that arises in the theory of gene networks. Each
trajectory describes the current and future states of the network. The ques-
tion of the possibility of reorienting a given trajectory from the initial state
to the assigned attractor is considered. This implies only partial control of
the network. The difficulty lies in the selection of parameters, the change of
which leads to the goal. Similar problems arise when modeling the response
of the bodies gene networks to serious diseases (e.g., leukemia). Solving such
problems is the first step in the process of applying mathematical methods
in medicine and pharmacology.

In the article “Ogorelova D., Sadyrbaev F., Samuilik I. On at-
tractors in dynamical systems modeling genetic networks. Ad-
vances in the Theory of Nonlinear Analysis and its Applications,
2023, 7(2), pp. 486-498" is studied a dynamical system that arises in
the theory of genetic networks. Attracting sets of a special kind is the focus
of the study. These attractors appear as combinations of attractors of lower
dimensions, which are stable limit cycles. The properties of attractors are
studied. Visualizations and examples are provided.

The paper “Ogorelova D. Mathematical modeling of gene and
neuronal networks by ordinary differential equations. Proceed-
ings LU MII, vol 23 (2023), 33—45" contains an analysis of three-
dimensional systems of ODE, arising in GRN networks theory and in ANN
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theory. The first system uses the logistic function f(z) = m as a non-
linearity, and the second system uses the hyperbolic tangent function. The
formulas for linearization around critical points are calculated analytically.
The inhibition-activation case was analyzed. The Andronov-Hopf bifurcation

is explained. The article is well illustrated.

The paper “Ogorelova D., Sadyrbaev F. Remarks on mathemat-
ical modeling of gene and neuronal networks by ordinary differ-
ential equations. Axioms MDPI, 2024, 13(1), pp. 61" considers
the mathematical apparatus that uses dynamical systems that are fruitfully
used in the theory of gene networks. The same is true for the theory of
neural networks. In both cases, the purpose of the simulation is to study the
properties of phase space, as well as the types and properties of attractors.
The paper compares both models, notes their similarities, and considers a
number of illustrative examples. A local analysis is carried out in the vicinity
of critical points and the necessary formulas are derived.

The article “Ogorelova D., Sadyrbaev F. Comparative Analy-
sis of Models of Genetic and Neuronal Networks. Mathematical
Modelling and Analysis, 2024, 29(2), pp. 277-287" provides the
comparative analysis of systems of ordinary differential equations, modeling
gene regulatory networks and neuronal networks. Asymptotical behavior of
solutions and types of attractors are of the study. Emphasis is made on the
chaotic behavior of solutions.

In the article “Ogorelova D., Sadyrbaev F. On control over the
system arising in the theory of neuronal networks. Interna-
tional Conference of Numerical Analysis and Applied Mathemat-
ics 2023 (ICNAAM 2023). (in print)” a multiparameter system of
ordinary differential equations, arising in the theory of neuronal networks, is
considered. The structure of this system presupposes the presence of attrac-
tors. The problem of control and management of this system by changing
parameters is considered. The conditions are given for the transition of the
trajectory from the basin of attraction of one attractor to another attractor.
Examples and illustrations are provided.
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2 CONCLUSIONS

The work is devoted to the study of systems of ordinary differential equations
arising in mathematical models of GRN and ANN.
The main results of the Doctoral thesis are:

e analysis of the phase plane for two dimensional GRN system with the
Gompertz nonlinearities, counting critical points and their characteris-
tics;

e formulas for linearization and analysis of critical points in GRN and
ANN systems;

e examples of periodic attractors in GRN and ANN systems;
e basic properties of ANN systems with hyperbolic tangent nonlinearities;
e comparison of GRN and ANN systems;

e local analysis of critical points of GRN and ANN systems for dimensions
two and three;

e graphical images of nullclines for many relevant to the study cases;

e sensitive dependence of solutions to GRN and ANN systems by calcu-
lating Lyapunov exponents;

e control of two dimensional inhibitory GRN systems;

e control by changing parameters over systems with hyperbolic tangent
nonlinearities.
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Gompertz function in the model of gene regulation
network

Diana Ogorelova

Summary.
2D-model of gene regulation network is considered where the sigmoidal function is the
Gompertz function. The description of attractors is obtained depending on parameters.

MSC: 34C10, 34D45, 92C42

1 Introduction

In the theory of gene regulatory networks differential systems are of the type

v = f(Qwijzy) — 25 (1)

This system describes interrelation between elements (genes) of a gene network. We
omit the mechanism of this interrelation and focus on the mathematical aspect. The
function f(z) in this model is a continuous bounded monotonically increasing function
(that is called sigmoidal regulatory function). Matrix W consists of entries describing
the relation between nodes of the networks. There are various functions f possessing the
desired properties. For instance, the function f(z) = He%#z meets the requirements. The
argument z is substituted by z = Yw;;z; — 6 and it represents the input on a gene with
threshold @ for increasing x;. The function f(z) is a sigmoidal (monotone and bounded)
function and 2 x 2 matrix W consists of entries that take values from the set {—1,0,1}.
Systems of this kind appear in gene regulatory theory. The structure of attracting sets is
studied.
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2 The Formulation of the Problem

Two-component gene regulatory networks are described by the differential system

{ zy = f(22) — 21,

1y = f(21) — 12

where f(z) is a sigmoidal function.

Definition 1. A function is called sigmoidal if the following is satisfied.
1. f(x) monotonically increases from 0 to 1, x € R;
2. It has exactly one inflection point.

Consider the Gompertz function f(z) = e=¢ "". This function is sigmoidal in the sense

of Definition 1.

The system in extended form is

day .
dt ’
(3)
dxy _ e
dt 2y

where o and 6 are positive parameters. Our goal is to study the phase portrait and the
attracting sets of this system.

Gompertz function is sigmoidal function. The grapf of f and graphs of f’ and f” are
depicted in Fig. 2.1 for the values of parameters p = 6.5 and § = 0.3. It is convex in some
neighborhood of zero and then it is concave. It is bounded by 1 and it is monotonically
increasing.
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Fig. 2.1. Solid - f(x), dashed - f’(z), dotted - f"(z)



25
3 System for critical points

It is supposed that f(z) is dependent also on a parameter p that regulates steepness of
the graph of f. We wish to state general properties of the system (3).
Critical points of this system are solutions of

_e—n(za—0)
0=e"*° —x1,

(4)

—p(x1—0
0=c "1 _ g

Lemma 1. Any critical point is of the form (x,x). Therefore, the coordinate x of a
critical point is defined from

z = f(z). (5)

The graphs of y = f(z) and y = f~!(z) are depicted in Fig. 3.1.
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a) 0 =03, u=0.3, b) 6 = 0.3, p ~ 4.15, ) 0 =03, p=5,
1 critical point 2 critical point 3 critical point
Fig. 3.1.
For u < e we have the relation in Fig. 3.1.(a). For u > e we have the relation in Fig.

3.1.(c).

It is evident that for some values of parameters there is exactly one critical point and
for some values of 1 and 0 there are three points. As an intermediate state we have Fir.
3.1.(b) with exactly two critical points. Our goal is to clarify which values of parameters
correspond to 1, 2 or 3 critical points.

3.1 Linearized system
The linearized system around a possible critical point (x1,xs) is

/ o —e=#M@2=0) _(z0—0)

u = —u-—+ pe v,

/ —e =1=9) (21 —-0)

v = pe U — .
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Since x; = x5 the system looks

—eH(E=0) _ 1 (2—0) .

u = —u+ pe v,

(7)
v = e T a0 gy oy,
Therefore, by (4) and Lemma 1, the coordinate = of any critical point (x,z) satisfies

—e—H(z—0)
r=e°¢ ,

—In(z) = e #==0),
Let consider a = pe=¢ """ =#@=0) = ;;z(— In(z)), then

u=—u+ta-v,

v=a-u—w.

We get from z = ¢ """ by logarithmation In(—In(z)) = —u(z — 6). For 6 and
x € (0,1) we get the formula (9)

1
9:x+;ln(—ln(x)). (9)

The relation (9) is visualized in Fig. 3.2

Fig. 3.2. The dependence of 6 (for critical point (x, x)) of p

Fig. 3.3 shows that for some p and 6 there are respectively one, two or three critical
points.

For different 1 dependence 6 of x is visualized below.
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a)The dependence of 6§ of x b)The dependence of § of z

for p=1

foru=-e
Fig. 3.3.
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¢)The dependence of 6 of z
for p=7
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Look at the second and the third of pictures in Fig. 3.3. There is an interval where
O(zx) is increasing. Let us make analysis of this.

One has that
1 1

0 =14+ — 10
(x) T (10)
and 0'(z) = 0 if
L (11)
cinz
1
xlog(x)
! 02 04 06 08 10 X

Fig. 3.4. The graph of —*

zlnz
The function ¢'(z) > 0 if —— > —pu. Denote solutions of the equation (11) z;(u) and
xo(p) respectively. Horizontal dashed line in Fig. 3.4 is for —u and two vertical dashed
lines are for x;(u) and zo(p).

Consider .
01(p) = w1 (p) + m In(—In(21(p)))
and
o) = 22(4) + - (= ez 1)
(€]
; ! H

Fig. 3.5. The graphs of 6;(u) and 2(u) together.

The region 2 between 6; (i) (lower branch) and 6,(p) (upper branch) corresponds to
three critical points of the system, that is, for (i, 8) € € there are exactly three critical
points.

The characteristic equation for the linearized system (7) is

—1-A a ’ | 1= px(=In(z))| _

det(A —Al) = 1A T (= n(z)  —1- A
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= (=1 —-X)?—p*2*(—In(x))* =0

or A = —1 £ a. Therefore A\ = —1 — a is always negative and Ay = —1 + a. There are
three possibilities for critical points:

1. A2 < 0 then (x,x) is stable node;
2. Ay = 0 then (z,z) is stable degenerate point;

3. A2 > 0 then (z,z) is saddle point.

A
O.SE

X
-0.2 02 04 06 08 10

a) =2

Fig. 3.6. Roots of characteristic equation (12), solid line is Ay = —1 + pa(—In(z)), dashed line
is Ay = =1 — pz(—1In(zx)), for a) u € (0,e), b) u = e and ¢) u € (e, +00)

The dependence of A -s of z and 2 = ¢ *“~" of 0 (for p given) is depicted in Fig.
3.6.

We observed that attractors for system (2) are either stable nodes or degenerate points
with )\1 < O, /\2 = 0.

Proposition 1. The system (2) cannot have critical points of type focus.

Proof. It follows from (12), that A = —1 £ pa(—In(z)) and A cannot be complex
number. [

Theorem 2. There are four cases for system (2):
1. There is exactly one critical point of the type stable node.

2. There is a unique critical point with A\ < 0, Ao = 0. [t is degenerate stable critical
point.

3. There are exactly two critical points, one of them is stable node, another one is
degenerate stable critical point.

4. There are exactly three critical points. Side critical points are stable nodes, middle
point is a saddle.



Fig. 3.7. Visualization of Theorem
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Example 1. Let consider p = 3 and 8 = 0.3. There are respectively one critical point
(0.8,0.8). The phase portrait of system (3) for one critical point is

o

Fig. 3.8. Critical point is a stable node (A; < 0, A2 < 0)
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Example 2. Let consider p = 4.15 and 0 = 0.3. There are respectively two critical
points (0.93,0.93) and (0.11,0.11). The phase portrait of system (3) for two critical points

1S
10p N NV N .
N X\ \ NN WY \ \
Y AN R -~ ‘\
N o 57 !
NNY RN (I
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Fig. 3.9. First point is degenerate stable critical point, another one is stable node

Example 3. Let consider p = 5 and 6 = 0.3. There are respectively three critical
points (0.02,0.02), (0.21,0.21), (0.96,0.96). The phase portrait of system (3) for three

critical points 1s
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Fig. 3.10. Side critical points are stable nodes, middle point is a saddle
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4 Summing up the results
We have defined the region € in (u, #)-plane with the properties:

o if (u,0) € Q then there are exactly three critical points with the properties - two
side critical points are stable nodes, middle (central) point is a saddle;

o if (u,0) € 00 then there are exactly two critical points with the properties - the
first critical point is stable node, the second is degenerate point (A; < 0, A2 = 0);

o if (11,0) € Q\ Q then there is exactly one critical point with the properties - it is a
stable node;

e the common point of lower and upper branches of 0€2 corresponds to a unique critical
point with A\; < 0, \y = 0, depictedin Fig. 3.7 [2].
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Description of critical points
for some system arising in applications

Diana Ogorelova

Summary. 3D-model of gene regulation network is considered where the sigmoidal
function is the Gompertz function. The description of attractors is obtained depending
on parameters.

MSC: 34C10, 34D45, 92C42

1 Introduction
Various models of different type networks can be described by dynamical system

= fl(w,y,Z,m,@l,wn,w12,w13) —-— Nz,
y’ = f2($7y727ﬂ2792,w21,w22,w23) - 72Y, (1)
2 = f3($,?J,Z,M3793>w317w32,w33) — V3%,

where f; are sigmoidal functions. This system reflects the interrelation between nodes
of a network. Nodes are denoted z;. In majority of papers on the subject the logistic
sigmoidal function f(z) = was used. As a sigmoidal function we have chosen the
Gompertz function

1
I4e—Hz

fle)=e"",
where p is a parameter.
Systems of the form (1) are believed to model telecommunication ([7], [8], [9]) and

genetic regulatory networks ([1]). The review articles [2], [6], [10] can be used by interested
reader to explore the topic.
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2 Preliminary result

Three-component gene regulatory networks are described by the differential system (1))
where f is a sigmoidal function and

f1 = exp(— exp[—p (w1 + wigy + wizz — 61)]),
fo = exp(— exp[—po(wa1 & + waey + wazz — 05)]), (2)
f3 = exp(— exp|—ps(ws1x + w3y + wizz — 03)]).

We assume that py, pe and pgz are positive, as well as vy, 72 and 3.

First consider the nullclines of the system (1) which are given by

12 = exp(— exp[—p1 (w1 + wi2y + wizz — 01))),
Yoy = exp(— exp[—piz(Wa1 T + waoy + wazz — 0)]), (3)

32 = exp(— exp|—pus(ws1 T + waoy + wszz — O3)]).
It is supposed that Gompertz function is dependent also on a parameter p that reg-
ulates steepness of the graph of f. We wish to state general properties of the system

3).

Critical points of this system are solutions of

0 = exp(— exp[—p1 (w1 + wi2y + wizz — 01)]) — Mz,
0 = exp(— exp[—pa(wa1 @ + wagy + wasz — 62)]) — 12y, (4)
0 = exp(— exp[—ps(ws1z + wasy + w3z — 03)]) — y32.

In order to detect the type of the critical point consider the linearized system

u = (=71 + g1 win)u + g1 w120 + g1 wsw,
V' = goptowaru + (—Y2 + goplaWa2)U + GoploWazw, (5)
W' = gapzwau + gspzwsev + (—y3 + gapzwss)w,

where
g1 = exp(—exp[—p1 (Wi + wi2y + wizz — 6h)] — pa (winx + wi2y + wisz — 61),

g2 = exp(— exp[—pi2(wa1 2 + Waoy + Wazz — 05)] — po(wn @ + way + wazz — b2),  (6)
g3 = exp(— exp[—p1 (w1 T + waoy + wszz — O5)] — ps(ws1x + wsoy + wszz — 6s)

and z,y, z are coordinates of a critical point. The characteristic equation for the linearized
system (5)) is

(=71 + gipwin) — A g1/41W12 g1j1wWis
det(A — \I) = GaloWa1 (=2 + goprawae) — A G2 oWa3 =
g3 i3 W31 g3z W32 (=73 + gspzwss) — A

=N+ DN+ EX+F=0

where
D = —v1 — 72 — 3 + gipwir + goplowas + Gapizwss, (8)
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E = —viv2 — 7173 — 7273 + Y12 pawar + Y193 13W3s
+ Y2911 W11 + Y2g313Wss + Y3g1 W11 + Y3G2aWar —
— g1H1W11G2Mh2Wo2 — G141 W11G3 143 W33 — G2 lloWa2g33W3sz+

+ g11W12g2 oWa1 + G141 W13G3 143 W31 + G2 floWa3 g3 h3W3a,

F = —m17273 + 717392H2W22 + V1729313 W33 + Y27Y391 Wi —
— Y192H2W22g3 3 W33 + V1G22 W23g3f3W32 — Y291 H1W11G3H3 W33+
+ Y201 M1 W13g3 3 W31 — V3g1 1 W11G242We2 + Y371 41 Wi2g2 oW1+
T 11 W11 G2 laW22g3 i3 Was — G1 1 W11 g2 haW23 g3 i3 W2+
+ G111 W13G2 2 W21 g3 3Wa2 — G141 W12g242W21 g3 3 W33+

+ g11W12g2 2 Wa3 G343 W31 — G141 W13G2 oW g3 3 W31 -
(10)

We consider the three possibilities for critical points:
1. X123 <0 then (z,y, 2) is stable node;

2. A1 <0, Ay >0, A\3 € R then (z,y, 2) is saddle point;
3. M € R, \o3 =a=£if then (z,y, 2) is focus:

e )\ <0and a < 0 then (z,y, z) is stable focus;
e \; € Rand « > 0 then (z,y, 2) is unstable focus.

2.1 A particular case
We are interested also in a particular case where w;; = 0,7 = 1,2,3. Then formulas (8],

(9), (10) take the form

Dy=—=y—7—73, (11)

E, = —v172 — 7173 — 7273 + g1 wi2gaflaWar + g1 1 W13G3 3 W31 + GaflaWazgsfi3Wss,
(12)

Fy = =723 + Y192 2we3gspiawse + Yo g1 1 W13g3f3ws + Y3g1 1 W12g2aWa1 +

+ g1H1W13G2 2Wa1 g3 i3 W32 + g1 b1 W12g2 HoW23 g3 3 W31 -
(13)
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2.2 Reminder on cubic equations

Consider the cubic equation

M —FEX—F=0. (14)

Any general cubic equation (with the quadratic term) can be reduced to the above form.
The Cardano formula for the roots of (14) has the form:

A_f’/gﬂ/(_f)Q \/——\/ )3. (15)

In this formula one must choose, for each of the three values of the cube root

\/ N(C R ()

for which the relation af = E holds (such a value of B always exists). In the Cardano
formula, F and F are arbitrary complex numbers. In the case of real coefficients F and F',
the property of the roots being real or imaginary depends on the sign of the discriminant
of the equation,

that value of the cube root

D = —27(—F)* — 4(—E)® = —108 ((_5)2 + (_2?3) . (18)

When D > 0 all three roots are real and distinct. However, according to Cardano’s
formula, the roots are expressed in terms of cube roots of imaginary quantities. Although
in this case both the coefficients and the roots are real, the roots cannot be expressed in
terms of the coefficients by means of radicals of real numbers; for this reason, the above
case is called irreducible.

When D = 0, all roots are real; when F and F' are both non-zero, there is one double
and one single root; and when E and F' are both zero, there is one triple root.

When D < 0, all three roots are distinct, one of them being a real number and the
other two — conjugate complex numbers.

3 Examples
Consider a number of examples illustrating (and confirming) our analysis.

1-st Example. Set the parameters to

M1 = 7, Mo = 7, M3 = 13, 91 = 05, (92 = 03, 93 = 07, Y1 = 0.62,’}/2 = 0.42,’)/3 = 01,

wip = 0, w12 = 1wz = —1,wy = 1, weg = 0,we3 = —1, w3 = 1, w3 = 0.1, w33 = 0.
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The system of ODE then takes the form

x’ = exp(—exp[—T(y — z — 0.5)]) — 0.62z,
y' = exp(—exp[—T7(x — z — 0.3)]) — 0.42y, (19)
2" = exp(—exp[—13(z + 0.1y — 0.7)]) — 0.1=.

In order to detect the type of the first critical point consider the linearized system

v = —0.62u + 1.11983 - 10720 — 1.11983 - 10~ %,
v' =0.01624u — 0.42v — 0.01624w, (20)
w' = 1.77831 - 1073881y, 4+ 1.77831 - 1073882y — 0.1w.

The characteristic equation for the linearized system (20) is

A3 — 1.14)\% — 0.3644) — 0.02604 = 0

The first critical point is (7.7448 - 1071%;0.000676438;0): Values of A for this critical
point is

A = —0.62,
Ay = —0.42, (21)
A3 = —0.1.

In this example the 3D system of the (1) has one critical point (stable node in 2D-subspace
and a attraction in the remaining).
In order to detect the type of the second critical point consider the linearized system

u' = —0.62u + 2.55801v — 2.55801w,
V' = 2.53905u — 0.420 — 2.53905w, (22)
w' = 1.19739u 4+ 0.119739v — 0.1w.

The characteristic equation for the linearized system (22) is

—X\3 = 1.14)\% 4+ 2.76355)\ — 9.4061 = 0

The second critical point is (0.526218;0.733372;0.249572): Values of A for this critical
point is
A1 = —3.05369,
A2 = 0.956843 — 1.47129:¢, (23)
Az = 0.956843 + 1.47129:.

In this example the 3D system of the (1) has another critical point (unstable focus).

2-nd Example. Set the parameters to Consider a number of examples illustrating (and
confirming) our analysis. For parameters

H1 = 0.3,/%2 = 3,/L3 = 0.8,91 = 0.3,02 = 001,493 = 1,71 = 1,’72 = 1,’}/3 = 1,

wip = 0, w12 = =5, w13 = 0,wa = 10, wee = 0, wz3 = 0, w3 = —3, w3 = 0, w33 = 0.
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The system of ODE then takes the form

2’ = exp(— exp[—0.3(—=5y — 0.5)]) — x,
"= exp(—exp[—3(10z — 0.01)]) — v, (24)
2" = exp(— exp[—0.8(—=3x — 1)]) — =.

<
Il

In order to detect the type of the critical point consider the linearized system

u' = —u —0.189317v,
v =6.98811u — v, (25)
w' = —0.509481u — w.

The characteristic equation for the linearized system (25) is

—2\3 —3)\% —4.32297)\ — 2.32297 = 0

The critical point is (0.0388611; 0.725311;0.0868913): Values of A for this critical point
is
A= —1,
Ay = —1 — 1.15024, (26)
Az = —1 4 1.15021.

In this example the 3D system of the (1) has one critical point (stable focus).
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Abstract: The system of two the first order ordinary differential equations arising in the gene regulatory networks theory is
studied. The structure of attractors for this system is described for three important behavioral cases: activation, inhibition,
mixed activation-inhibition. The geometrical approach combined with the vector field analysis allows treating the problem
in full generality. A number of propositions are stated and the proof is geometrical, avoiding complex analytic. Although
not all the possible cases are considered, the instructions are given what to do in any particular situation.

Keywords: gene regulatory networks, control, attractors

1. Introduction

Theory of genetic regulatory networks (GRN in short) is in the center of biomathematics. There are several ways of
modelling GRN, for instance, boolean algebras, graph theory and more, [1-3]. Modelling in terms of dynamical systems
allows to follow evolution of GRN. The system we wish to study, appears in multiple contexts'*® in vectorial form

x; = f(Zwyx; —6)—x;. (1)

This system describes interrelation between elements (genes) of a gene network. We omit the mechanism of this
interrelation (one can consult [3-5]) and focus on the mathematical aspect. The function f(z) in this model is a continuous
bounded monotonically increasing function (that is called sigmoidal regulatory function). Matrix W = (w;) consists
of entries describing the relation between nodes of the networks. There are various functions f possessing the desired

properties. For instance, the function f(z) =

== meets the requirements. The argument z is substituted by z = Zwyx;
— 0 and it represents the input on a gene with threshold 6 for increasing x; . The function f(z) is a sigmoidal (monotone
and bounded) function and 2 x 2 matrix w,; consists of entries that take values from the set {—1, 0, 1}. The decisive role
in the evolution of a GRN play attracting sets. The structure of attracting sets of system (1) is studied. The ability of
controlling the network by change of adjustable parameters is in a focus. Let us recall the citation from [5]: “For a given
set of parameters, the multiple attractors (for example, stable steady states) and the corresponding basins are fixed. In the
absence of stochasticity, for a given initial condition, the system will approach one of the attractors. Each attractor has
specific biological significance, which can be regarded as either desired or undesired, depending on the particular function
of interest. Suppose, without any control, the system is in an undesired attractor or is in its basin of attraction. The question
is how to steer the system from the undesired state to a desired state.” The purpose of our article is to show and explain in

geometrical and analytical terms, how to do this for system (2).

2. Problem

Two-component gene regulatory networks, where the stochasticity terms are neglected, are described” by the
differential system
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L)
dt

dx
7; = (=t (W X + Wy Xy —0)) — X, (2)

= f(=m (w1 +wpx, —6)) - x,

where fis a sigmoidal function.

Definition 1. A function is called sigmoidal if the following is satisfied.

1. f(x) monotonically increases from O to 1, x € R;

2. It has exactly one inflection point.

Two typical examples of sigmoidal functions more often used in modelling GRN, are the Gompertz function f(z) =
¢™“? and the logistic function f(z) = 1/(1 + ¢*¢~?). The argument z can be complicated. The 2D system, where /'is the
Gompertz function, is

dx;  _emMOMIRTWIx=0])
i S

— X,
dt !

dxy g2 (mixtwx—02)

—==e —-Xx).
dt 3)

GRN model in this form was studied in [8-9]. Since we wish to consider systems with any sigmoidal function, we will
use the form (2).

Figure 1. Red: # =60 =1, Blue: # =0 =2, Green: u = 0 =4, f is Gompertz function

Since we focus on the inhibition case, we assume that w,, and w,, are negative. The diagonal elements w,, and w,,
are set to zero, unless otherwise stated.
Problem: Describe possible attracting sets for the inhibition case.

3. Facts

Let us list the main facts about 2D-system (2).
1. The left sides of (2) are zeros on the nullclines!” which are given as

{xl = f (=4 (Wy x5 + wipx, —6)),
Xy = f(=pp (Wyy X + Wy X, = 6,)). “4)

2. Equilibria (critical points) of system (2) are solutions of the system (4).

3. For w;, and w,, negative, and w,, = w,, = 0 there are at most three equilibria; the minimal number of equilibria is
one. This follows from the S-shape of both nullclines. If w, and/or w,, are not zero, then the nullclines may be Z-shaped
and the number of critical points can be up to nine.

4. The vector field (P(x|, x,), O(x,, X)),
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P(xy, xp) = f (= (wyyx + wipxy = 0)) —xy,
O(xy, x)) = [ (mpy(Wyyx) T wypxy = 0,)) = x5,

is directed inward on the border of the rectangle D = {0 <x, <1, 0 <x, < 1} and, therefore, all trajectories of system (2),
which start at the border 0D, enter the region D, and no trajectory escapes. In other words, the region D is invariant under
the trajectories of system (2).

5. The nullclines (4) can intersect only in the interior of D. Therefore all equilibria are in the interior of D.

6. If w,, and w,, are non-zero, and w,; = w,, = 0, and the nullclines (4) intersect transversally, then two cases are
possible:

a) there is one equilibrium and it is attractive;

b) there are three equilibria and two of them are stable nodes and one is a saddle point.

7. If nullclines (4) are tangent at some point, then this point is degenerate critical point with one characteristic number
A=0.

8. No periodic solutions (closed trajectories) exist in system (2) for w,, and w,, negative, and w;; = w,, = 0.

9. In the case 6a (one stable equilibrium) any trajectory that starts in D, tends to this equilibrium. The vector field (P(x;,
x,), O(x,, x,)) is directed then to a unique critical point.

10. In the case 6b (two stable equilibria and a saddle point) there are subsets D, < D and D, < D such that if the
trajectory starts in D, it goes to the first stable equilibrium, if the trajectory starts in D,, it goes to the second stable
equilibrium.

Some of these facts were known and some were proved in [8-9, 11-14]. Similar technique was used in the works [15-
17].

4. Basins of attraction

Let us look at the below pictures Figure 2a to Figure 2c. The first one (Figure 2a) shows two nullclines of the system
and three critical points. The middle point is a saddle, both side points are stable equilibria. This can be confirmed by the
vector field analysis and the exploration of the respective linearized system. We omit these steps. Each of these equilibria
has a basin of attraction, denoted by D, and D,. Basins of attractions are separated by separatrixes of the saddle point. Any
trajectory starting at any time moment at a point in D, will tend eventually to an upper stable equilibrium. Similarly, any
trajectory starting at a point in D,, will tend to a lower stable equilibrium.

Consider now the problem. Imagine a trajectory started at a point in D,. Then its future is predefined, it will go to an
upper equilibrium. By some reason (which will be explained later) we need the trajectory to go to a lower equilibrium. We
are able to adjust some parameters in system (2), say, ¢, and/or 0,.

Tuning the first nullcline can be done by changing the parameter 0,. The result is seen in Figure 2d and Figure 2e. The
initial state is seen in Figure 2a. There are two attractors at the side critical points. By changing 6, from 0.02 to —1.5 we
eliminate the upper attractor, while the second (lower) attractor remains. The trajectory continues, as time increases, to the
unique attractor. So by a single operation the trajectory can be redirected to the lower equilibrium.

By changing 0, from 0.02 to 0.35 the opposite result can be achieved. The lower attractor is eliminated and the upper
one remains. So trajectories that were tending to the lower attractor are redirected to the upper one.

5. Normal and undesired states of GRN

In the work [5] an example of realistic GRN was discussed. The GRN considered corresponds to a kind of cancer,
where cancerous states are identified with “undesired” attractors. If the current system states, that is, the vector x(7) is in the
basin of attraction of “undesired” attractor, the system (which corresponds to a living organism) will tend to an “undesired”
attractor with the negative consequences. The problem is, using adjustable parameters, to redirect the vector x(¢) from
“undesired” attractor to a normal one. Mathematically (in a model) this can be (sometimes) done by skillfully tuning the
system. This is what we did in the preceding section to the two-dimensional system. In the system being considered in [5]
the dimensionality of the considered system is not too large (60 nodes, of which three nodes only were attractive). It was
mentioned in [5], that also reverse process is available, that is, driving a system into opposite direction. This is another
aspect of the problem. We have shown, considering our simple 2D system, that, operating by parameters 6, we can control
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the system.
In real situations, management and pertirbation of these parameters should be left to biologists and medics.
We believe, that in a similar manner systems of higher dimensions can be controlled.

6. Examples

In the below examples x4, = u, = 3.0. The sigmoidal function is the Gompertz one, (3). The numerical data for
illustrations are chosen arbitrarily to show the desired behavior of solutions.

Set 0, = 0.02 and change 0,. Initially 8, = 0.03 and the nullclines are depicted in Figure 2a. Increasing 6, eliminates
the upper stable equilibrium and redirects all the trajectories to the lower equilibrium as shown in Figure 2a. Increasing 0,
eliminates the upper stable equilibrium and redirects all the trajectories to the lower equilibrium as shown in Figure 2b. If
the upper attractor is idendified with the normal system state, and trajectories should be redirected to the upper equilibrium,
the parameter 0, needs to decrease. This is shown in Figure 2c.

The same results can be obtained by changing the second adjustable parameter, §,. The needed operations are
explained and illustrated by Figure 2d and Figure 2e.
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2a. 0, =0.02, 0, = 0.03
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2b. 0, =0.02, 0,=0.35

02 04 06 08 10
2¢.0,=0.02,0,=1.7

02 04 06 08 10
2d. 0, =0.35,0, =0.03

0.0 0.2 0.4 0.6 0.8

2e.0,=1.5,0,=0.03

Figure 2. Nullclines for system (3)

02 04 06 08 10
2.0, = 1.11,0,=0.03

It is to be noted, that passage from the initial state (Figure 2a) to other states with a unique equilibrium is through the
intermediate “touch” state, when two isoclines are touching each other. There are an “upper” touch and a “lower” touch,
leading to a single equilibrium. The “upper” touch is shown in Figure 2f.

7. Analytics

Consider the inhibition case, where the modelling system is

C 1
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dx
7;=f(ﬂ1(ax2 =0)—x,

d.
L= [ (fx = 0) . )

o. and f are negative, f(z) is a sigmoidal function. Suppose that nullclines are located as shown in Figure 2a. The
parameters u, u,, 0,, 0,, a, B are fixed. There are three cross-points, respectively p,, p,, p; (from upper left to lower right).
Two side points, p, and p,, are stable nodes and the middle point p, is a saddle.

Our goal is to control this system, redirecting trajectories to a desired (normal) stable node. For this, we will change
0,. Let p, be a normal attracting state. Let 0,,, .. be the value, corresponding to the upper touch point. In the example in
Section 6 Hlupp o = —1.11 (Figure 2f) and the current value 8, = 0.02. Let 0,,, .. be the value of §,, corresponding to the
lower touch point (Figure 3a). The current value of 0, by our assumption, is between ¢, and 0,,,,,, . For 6, values
greater than 6, . the upper attractor remains and all the trajectories tend to it (Figure 3b). For 6, values less than 6

lupper
the upper attractor remains and all the trajectories tend to it (Figure 3c).

— .
LA# \
00 02 04 06 08 10 00 01 02 03 04 00 02 04 06 08 10
3a. 0,=0.27, 0,=0.03 3b. 6, =0.35, 0, = 0.03 3c. 0, =-1.75, 0, = 0.03
Figure 3. Moving the first nullcline (red)
The nullclines are defined by
{xl = f((axy —6)),
Xy = f (1 (Bx; —6,)), (6)
It follows that
dxl 6
—_— = ax, —6)),
b, ony Sy (axy —6y))
dx 0
—2=— [ (1 (Bx —6,)).
dx;  0x
At a point, where two nullclines are touching, the relation
1=-% Flan(@x, ~0) -2 £ (B —62)
oxy H 279 o H 102 7

must be satisfied.
For given f, u,, i,, a, B, 0,, the values of 91upper and 0 can be found solving the system (6), (7).
Remark. The system can be managed also changing the parameter 0, instead of #,. For the touching points of

llower
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nullclines then the values 6,,,, and 6,,,,, should be used.
8. Symmetric case
Consider the particular case

dxl 1

— W =0)—x om0

de

—== X =0) =Xy =—————X),

dt f(,u( 1 )) 2 1+e_ﬂ(_x1_6) 2 (8)

where f'is a logistic function and u, = u, and 6, = 6,. This corresponds to both elements of GRN acting symmetrically.
Mathematically this case can be entirely analyzed.
The system

1= aif(ﬂ(—xz ~0)- f(u(-x - 0)
Xy oxy

X = f(u(=x; = 0)),
Xp = f(u(=x, - 0))
)

defines the touching points of nullclines.

For instance, set 4 = 10 and let 8 be free. Due to symmetry in system (8), a unique equilibrium always exists on the
bisectrix and both touch points are also on the bisecrtrix (Figure 4a and Figure 4b). For the intermediate value 6 = —0.5 the
nullclines are depicted in Figure 4c.

1.5¢

1.0 et

0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
4a. 0= 0.093642 4b. 0 =-1.093642 4c.0=-0.5
Figure 4. Nullclines for system (8)

The coordinate x of a unique critical point of the form (x, x) satisfies the relation x = f (u(—x — 6)). Then

1 1
0 = —x+—log(—-1).
x P g(x ) (10)

The characteristic numbers 4, , =—1 + ux(1 —x) can be obtained by linearizing system (8) around the equilibrium (x, x).
Elementary analysis of 4, = —1 + ux(1 — x) shows that /, can be positive only for x € (x,, x,), where

_1 N# -4 _1 it —4p
3 ()=~ VT (= N
2 2u 2 2u (11)
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We can obtain, following the arguments in [14] and using (10) and (11), the figure depicted in Figure 5.

0
‘2 H
-0.5
-1.0L
15 ]
Figure 5. The bifurcation curve 6(u)
This figure is defined by two branches
1 1
6 (1) = —x () +—log( -1,
uo x(p)
6 () = %> (1) - log(—— 1)
2(H) =X - =)
1o X () (12)

where x, and x, are defined in (11).

9. Conclusions

Typical behavior of solutions in an inhibition models of GRN is described. The possibility of managing and

controlling of 2D inhibition GRN systems is emphasized and analyzed in terms of the phase plane. It is shown how to
eliminate unwanted attractors and redirect the trajectories of the system in the right direction by changing the adjustable
parameters 6. The proposed method is easy to implement, geometrically check, and allows for an accurate mathematical
description. This approach is a perspective for studying and managing multi-dimensional systems.
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OYHKIINA TOMITEPITA
B MOJEJIM T'EHHBIX PEI'VJIITOPHBIX CETEN

©2021r. . A. OTOPEJIOBA, ®. K. CAABIPEAEB

AnHOTALMSA. Vccmenyercs cereBasi MOAENb (BKJIIOYAIONINX MEHHBIE DEryJIITOPHBIE CETH), COCTOSIIIASL
U3 CUCTEMBI JIBYX OOBIKHOBEHHBIX A PepeHInalbHbIX YpaBHeHnii. JlaHHast crucTeMa COIep>KUT PsiJI, mMa-
PaMeTpOB U 3aBUCHUT OT PEryJIATOPHON MaTPUIBI, OIUCHIBAIOIIE B3aUMOAEHCTBUA B JAHHON JIBYXKOM-
IIOHEHTHOI ceTn. PaccMaTpuBaeTcs BOIIPOC O IPUTATUBAIONINX MHOXKECTBAX JIAHHOM CHCTEMBI, KOTOPBIE
MEHSIIOTCS B 3aBUCHMOCTHU OT HAPaMETPOB U JIEMEHTOB PETYJIATOPHON MaTpuIbl. PaccMoTpeHne HOCUT
B OCHOBHOM T'€OMETPHUYECKHUN XapaKTEeP, UTO MO3BOJISET BBISIBUTH U KJIACCU(DUIIMPOBATH BO3MOXKHBIE
B3auMoJelicTBus B ceTu. B cucreme nuddepeHnnaabHbIX ypaBHEHUN HNPUCYTCTBYET CUIMOHIAJIBHAS
DYHKIMS, TTO3BOJISONIAs YIeCTh OCOOEHHOCTH OTBETHON PEAKI[MU CETH Ha BHEITHUE BO3/eiicTBus. B Ka-
9eCcTBe CUTMOUIAIBHON DyHKINN BbiOpaHa GyHKImsS ['oMuepIia, ITo MO3BOJISET CPABHUTD PE3YJILTATHL
C aHAJOTMYHBIMU pe3yJIbTaTaMU I MoJeJieil ABYXKOMIIOHEHTHBIX ceTell, B KOTOPBIX MCIOJIb3YyeTCs
JIOTUCTUYECKAsT CUTMOUATbHAS (DYHKITAS.

Katouesnvie cnoa: reHHasi peryisiTUBHAs CeTh, (PA30BBIN MOPTPET, KAYeCTBEHHBIA AHAJIN3, TUCICH-
HBII aHaAJIN3.

GOMPERTZ FUNCTION
IN THE MODEL OF GENE REGULATORY NETWORKS

© 2021 D. A. OGORELOVA, F. Zh. SADYRBAEV

ABSTRACT. We examine a network model (including gene regulatory networks), which consists of a
system of two ordinary differential equations. This system contains several parameters and depends
on the regulatory matrix, which describes interactions in this two-component network. We consider
attracting sets of the system, which vary depending on the parameters and elements of the regulatory
matrix. Our considerations are of geometric nature, which allows us to identify and classify possible
interactions in the network. The system of differential equations contains a sigmoidal function, which
makes it possible to take into account peculiarities of the network’s response to external influences.
The Gompertz function was chosen as the sigmoidal function, which allows us to compare the results
with similar results for models of two-component networks based on the logistic sigmoidal function.

Keywords and phrases: gene regulatory network, phase portrait, qualitative analysis, numerical
analysis.
AMS Subject Classification: 34Cxx

1. ITocramoBka 3amaum. JIByxsiemenrHasi rerHasi peryisrophas cerb (I'PC) onucbisaercs nud-
depeHIMaIbHON cucTeMoit

] = f(wiixy + wiexe — 61) — 271, (1)

rie f(x) — curmonnanbaas yukiws. Oyukiws f(x) HasbIBAETCH CUZMOUIAALHOT, €CTT OHA MOHOTOH-
HO CTPOrO BO3pacTaeT OT HyJd JO eIUHHUIBI IPU BO3PACTAHUU apryMeHTa I OT —0O JI0 +00 U UMeeT

ISSN 0233-6723 (© BMHUTU PAH, 2021
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POBHO OJIHY TOUKY neperuba. ITpumepoM curmongaabHoi byHKIMN ABIAETCS JOTUCTUIeCKas (OyHKIUS
f(z) = (1+e )71 Dra bynxnus ncnonb3oBazach B MaTeMaTHUECKUX Mojieaax cereil B [3,4,6]. Ipy-

o e HZ
UM [IPUMEPOM CHUTMOUaIbHON (yHKun siBasiercs yukimst [ommepria (Gompertz) f(z) = e ¢ |
KOTOPYIO MBI UCIIOJIb3yeM B JaHHOil crarbe. ['paduk 91oil dbyHKIMN npusejieH Ha puc. 1.
f(%)
10f
0.8
06,
0 L
0.2
_2 -1 1 2 X
Puc. 1. Oyukiusa [omnepra.
Cucrema, KOTOPYIO MbI PACCMATPUBAEM B JIAHHON CTAThE, UMEET B/
dl’l _e—m(wyirytwigae—01)
Pk —a,
. B
L2 _e—n(warwitwagwe—02) .
— = — x2
dt ’

rae p > 0 u § — mapamerpst. Harra 1iesib — kiraccndunupoBaTh BO3MOYXKHBIE CIyIanl U OIMCATH ATTPAK-
TOPBI JAHHOI CUCTEMBI.

2. BsammogeticTBue. Tumnbl B3anMOAEHCTBUSA B CETU ONMUCHIBAIOTCS PETYJISITOPHON MaTpHIleit

w1l W12
W = .
W21 W22

DJIeMEHTBHI MATPHUIILI MOI'YT IPUHUMATh PA3JIMYHbIE 3HAUEHUs. VI3BECTHBI YeThIpe OCHOBHBIX THUIIA, B3AK-
MogieiicTBust. B onvcannm 3TUX TUIOB yYaCTBYIOT H30KJIMHBI HyJIsl CHCTEMBI (2), KOTOPBIE OIUCHIBAIOTCST
naJee.

A: AxTuBanus: peryasTopHask MATPUIA UMEET CTPYKTYPY

_(*
v=(i2)

IJIe W12 U Wo1 TOJOKUTENBHBI, & 3JIEMEHTBI W11 W W22 MOTYT NPUHUMATH JIOObIE 3HAYEHUs (3TO
oTMedaeTcs 3Be3goukamu). 3amuck {{+, +}{+, +}}, nanpumep, oznadaer marpuiy W co Bcemu
IIOJIO?KUTEJIbHBIME JIEMEHTAMH.

B: Varubunus: peryiasgTopHas MATPHUIA UMEET BHL

w=(0),

e 3JIEMEHTBI W12 U W21 OTPUIIATEJIbHBI, a 9JIEMEHTBI W11 U W22 MOTYT IPDUHUMATH ITPOU3BOJIbHbBIE
SHa4YCHMA.
C: AKTI/IBaHI/IH—I/IHFI/I6I/IHI/IHZ peryjadropHad MaTpulla UMeeT BUJL

v-()

rJie JIEMEHT W12 TOJOXKUTEIEH, JIEMEHT Wo1 OTPUIIATENIEH, & JJIEMEHTHI W11 U W2 MOTYT MPH-
HUMAaTh JIIOObIEe 3HAYCHUSI.
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Puc. 2. Bugyaym3zarmust Bcex ciiydaeB aKTHUBAIWH:

(@) {{+ +H+ +1 ) {—+H+ +1} (© {+ +H+ -1 (D) {=+H+ -1

00 00
o !
2 1 0 1 2 2 1 0 1 2 10 05 00 05 1!0 15 20 10 05 00 05 10 15 20
Puc. 3. Busyanusanus Bcex ciiydaeB WHTHOUITUAN:
(a) {{_7 _}{_a _}}; (b) {{+7 _}{_7 _}}; (C) {{_7 _}{_7 +}}7 (d> {{+a _}{_7 +}}
S ,f"'l
/ ; 77
05 : 05 E 05 “\’ 05
10 10, i L 0 ¥ o !
0 0. 00 0. 0 20 -10 0. 00 0. 10 20 2 0 2 20 0 0. 00 o. 0
Puc. 4. Busyauzamus Bcex ciiydaeB THIIA AKTUBAIUS-THIUOWITIS:
(a) {{+ +H—+}} ) {—+H—+1h (o) {+ +H= =1 (@) {({=+H- -1}
" " " " 7T ' ' ' ' 25 i T T ‘: ' ' i ' ' ' '
20 ".' ! 1 1 20k E . é 2F E |
sl / \ . i / S i i
osf ‘?’\ i \-, osf E ,"‘ , ° < 1
: 2 \‘n 05 ““\‘
IS ‘ ‘ ER RS

Puc. 5. BI/IBYEMII/ISELHI/IH BCEX CJIydacB THUIIaQ I/IHI‘H6I/IHI/IH—&KTI/IB&HI/IHZ

(@) {{+ —H++1s ) {—-H++}}h (© {+ -H+ -1 D) {=-H+ -}
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D: MHFI/I6HHI/IH—&KTI/IB&HI/IHZ peryjadTrTopHasd MaTpulla UMeEeT BHUJT

w= (1)

TJle JIEMEHT W12 OTPUIATEJIEH, SJIEMEHT Wo| IMOJIOKUTEIIEH, a JIEMEHTHI W11 U Wy MOTYT IpH-
HUMATE JTI0ObIe 3HAYEHUSI.

[Ipu Hajmvmy HEHyJIEBBIX 3JIEMEHTOB Ha TJIABHON AuaroHaju MaTpuilbl W M30KJIMHBI HYJIS MOTYT
pUHUMAaTh Z-00pas3Hyio ¢opmy. [Tapamerp u Biausier Ha ocTpoTy yrioB B ¢urype Z. Ilapamerp 6
perympyeT CIBUT rpaduKa CUIMOUJIAIbHON (DYHKIINHI, & COOTHOIICHNE BeJTMYUH 3JIEMEHTOB W;; BJIUACT
Ha HAKJIOH CerMeHTOB rpaduka (Z-obpasHoii durypsbr).

IIpennoxkenne 1. Bce kpumuseckue mouku cucmemv, (2) naxodamcea 6 edunuunom keadpame
(0,1) x (0,1) u MHOHCECMEO KPUMUMECKUT MOYEK HENYCMO.

CupaBelyIHBOCTb YTBEPKICHUS BBITEKACT U3 BUIA U30KJIUH U CBOHCTB CUTMOUIAJBLHON (DyHKIUH.

IIpennoxkenne 2. Kpumuueckue mouky, AGAAOUUECA MOUYKAMY KACGHUA USOKAUH HYASL, BHLDOHC-
dernt, m.e. 00HO U3 TAPAKMEPUCTNUYECKUL YUCEA N DPABHO HYAIO.

D10 HpeIoKeHre MOXKeT ObITh JioKa3aHo (cM. [9]) paccMoTpeHHeM COOTBETCTBYIONIEH JIMHEAPHU30-
BaHHOI CUCTEMbI U COOTBETCTBYIOIIETO XapaKTEPUCTUYICCKOI'O ypaBHEHUA. OTMeTI/IM, YTO UI30KJIMHBI
HyJIsl B CHJIy OIIPEJE/ISIONNX UX yPaBHEHUil IVIaJKue U He UMeIOT CUHIYJIAPHOCTeil, HeCMOTpd Ha Z-
06paszHyIo POopMy.

Jlanee paccMaTpUBAIOTCH BCE TUIUYHBIE CJIydad PACIIOIOXNKEHUs KPUTHUECKUX TOYEK, IPUBOIATCS
XapaKTepUCTUKN KPUTUYECKUX TodeK. MBI Tak:Ke paccMaTpHBaeM YHUCJEHHbIE MPUMEpPLI U COOTBET-
cTByOIMe (Ga30BbIe IOPTPETHI.

2.1. Cayuati A: Axkmusayus. PaceMorpum ciiydail MaKCUMAIBHOTO YHCIa KPUTHYECKUX TOYEK (T10-
JoxKeHuit paroBecusi). [lycThb jjaHa peryisiTopHasi MaTpHUIA

10 5
w= (4 3):

Cucrema (2) mpuHIMAaET BUJ

dxl _67/4(10301#»5%2791)
o o
(3)
dxa —e— (221 +3x5—03) "
A — 9.
dt

QOyYHKIMY B PABOI YaCTH 3aBUCAT OT [IapaMeTpa ft, KOTOPBI PEryJIupyeT OCTPOTY YIJIOB B Ipadukax
W30KJIVH Hyns. KpuTudeckne TOUYKH HaXOAATCS U3 CHCTEMBI

—e—#(10z1 +5x9—01)
Ir] = e y

4
—e—H(2x1+3z9—-02) ( )
T9 = € .
st BHIOpaHHBIX 3HAYEHWH [TAPAMETPOB M30KJIMHBI HYJIsl n300pakeHbl Ha puc. 6(a).

[Tpu ananuze KPUTHIECKUX TOUEK IIOJIYIEHBI CJIEIYIONINE PE3YIHTATHI:

(i) Tun kpurrdeckoit Touku (0;0) ¢ MeTKOM 1 — yCTOWYIMBLII y3es IPU XapaKTePUCTUIECKUX THCIIAX
()\1 == —1,)\2 == —1);
) tun kpurndeckoit Toukn (0,6;0) ¢ meTkoit 2 — ceqyro mpu (A = —1, Ay = 59,96);
) tun kpurrdeckoit Toukn (1;0) ¢ MeTkoit 3 — ycroiuusblii y3ex npu (A; = —1, Ag = —1);
) tun kpurrdeckoit Toukn (1;0,16) ¢ merkoit 4 — ceyo pu (A = —1, Ay = 16,41);
(v) tun kpurmaeckoit Toukn (0,26;0,67) ¢ MeTkoit 5 — neycroitausslit y3es npu (A = 75,3, Ay = 8,8);
) tun kpurrdeckoit Toukn (0;0,87) ¢ meTkoit 6 — ceo mpu (A1 = —1, Ay = 6,5);
) tun kpurrdeckoit Toukn (0;0,99) ¢ meTkoit 7 — ycroitausblii y3emr npu (A; = —1, Ay = —0,99);
) tun kpurundeckoit Touknu (0,1;0,99) ¢ meTkoit 8 — ceqyro mpu (A = —0,99, Ay = 43 ,9);
)

T KpUTHIecKoit Touku (1; 1) ¢ MeTKOIt 9 — ycroituuBslit y3en npu (A = —1, A2 = —0,9).

; 0,
;0

?

DazoBblil IOPTPET ¢ BEKTOPHBIM T10JieM Ha puc. 6(b) moarsepx/iaer pes3yibraTsbl aHAIM3A.
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(a)

Puc. 6. zokiunsr nymns (a) u daszossrit moprper (b) cucreMsr (3) ¢ 1€BATHIO KDUTHIECKAMH TOTKAMIL.
Suavenus napamerpos i = 20, 01 = 6, 02 = 2,5, w1 = 10, wig = 5, woy = 2, wey = 3.

2.2. Caywatd B: Uneubuyus. CHOBA pacCMOTPHUM IPUMED MHIUOMTOPHOI'O MOBEJIEHUSI, IIPU KOTOPOM
YUCJI0 KPUTHIECKAX TOYEK B CHCTEME MAKCHUMAJBHO. CTPYyKTypa PeryasiTOpHON MATPHUITHI

JlJist BRIOpaHHOM peryasaTOpHON MaTPUIIbI

CucCTeMa IIpuHUMaeT BUIL

dxl _e—H(10z1 —5wo—061)
Pt -,
(5)
de _e—,u,(72zl+312792) z
—f = — 9.
dt

Kputndeckne Touknm HAXOIATCA N3 CUCTEMBI YPaBHEHUI

T =e€

To=e¢€

—e— k(1021 =5z —07)
)

(6)

_e—H(—2z1+3z9—-02)

V30K/IMHBI HyJIsI IPH KOHKPETHBIX BHIOPAHHBIX 3HAYEHUSIX IIApAMETPOB M300parkeHsbl Ha puc. 7(a). Da-
30BBIN IOPTPET ¢ BEKTOPHBIM TI0JIEM, TIpUBEIeH bl Ha puc. 7(b), mojrBepKIaeT pe3yibraThl aHAIU3a

KPUTHUYIECKUX TOYEK:

(i) Tun kpuTHaeckoit Toukn (0
Tun Kpurudeckoit Touxu (0

(iii) Twum kpurTHaeckoit Toukn (1
TUII KpUTHIeckoii Touku (1

(Vi) THI KPUTHYECKOH TOUKH

;0) ¢ MeTkoit 1 — ycroitunsstii y3ena npu (A} = —1, Ay = —1);
) ,3;0) ¢ merkoii 2 — cemio pu (A = —1, Ao = 71,2);
) ;0) ¢ MeTKoit 3 — ycroitunBblii y3ea npu (A\; = —1, Ag = —1);
) ;0,87) ¢ merkoii 4 — cemyio pu (A = —1, A2 = 6,5);
v) rtun kpurnaeckoii rouku (0,59;0,57) ¢ meTkoit 5 — Heycroituusblii y3em upu (A1 = 10,4, Ay = 69,4);
) 0,16) ¢ merkoit 6 — ceqio ipu (A; = —1, Ao = 16,4);
)
)

(0;
(vii) Tun kpuruyaeckoit roukn (0;0,1) ¢ MerTkoit 7 — ycroituusslii yzen upu (A = —1, Ao = —1);
(0

(viil) TUI KpUTUIECKON TOUKM

,81;1) ¢ merkoii 8 — ceqio pu (A; = —0,99, Ao = 33,5);
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(b)

Puc. 7. Vzokmunsr nymns (a) u daszossrit moprper (b) cucreMmsr (5) ¢ 1€BATHIO KDUTHIECKAME TOTKAMIL.
Suauenus napamerpoB i = 20, 61 = 3, 0 = 0,5, wi; = 10, wis = =5, we; = —2, wos = 3.

(ix) Tumn xkpurmaeckoit Toukn (1;0,99) ¢ Merkoit 9 — ycroitunserit ysen npu (A = —1, Ay = —0,99).

2.8. Cayuat C: Axmusayus-Uneubuyus. PaccMOTpuM cirydail MAKCHMAJIBHO BO3MOXKHOI'O UHC/IA
KPUTHYECKUX TOYEK JIJIsl PETYJISTOPHONH MaTPHUIIBI CO CTPYKTYPOil

+ +
W = .
[Ipu KOHKpEeTHO# PeryaaTopHOil MaTpuUIle

10 5
cucreMa uddepeHIuaIbHbIX yPABHEHUH IPUHUMAECT BU/L

dxl _e—n(10z1+529—07)
—e _

1. X1,
@ _ e_efu(*2x1+3x2*92) —
dt 2

Kpuruyeckue Touku CyTh pelieHusi CUCTEMbI

_e—1(10z1 +5x5—07)
Ir1 — e ,

—e—H(—2z1+3z2—02) (8)
Tro9 = € .

M30K/MHbBIL HYJIs IIPU BBIODAHHBIX 3HAUEHUSIX [IapaMeTPOB n300pakeHbl Ha puc. 8(a), a ¢hazoBblil mopT-
per u BeKTOpHOE 1ojie — Ha puc. 8(b). Pesynbrarer aHammsa KpUTHYECKUX TOYEK:

(1) mun kpurmdeckoii Toukn (0;0) ¢ Merkoit 1 — ycroituussiit y3en npu (A = —1, Ay = —1);
(il) Tun kpurudeckoit Touku (0,6;0) ¢ MmeTkoit 2 — cezyio mpu (A = —1, Ay = 59,96);
(ili) Tun kpurnaeckoit Touku (1;0) ¢ MeTkoit 3 — ycroitunsslii y3ea npu (A; = —1, Ag = —1);
(iv) Tun kpurnaeckoii Touku (1;0,87) ¢ merkoii 4 — cemiio upu (A = —1, A2 = 6,5);
(v) tun kpurnaeckoii rouku (0,39;0,43) ¢ MeTKoit 5 — HeycToituusblii y3em npu (A; = 35,1, Ay = 58,2);
(vi) Tun kpurnaeckoii Touku (0;0,16) ¢ merkoii 6 — cemio npu (A = —1, Ag = 16,4);
(vii) Tun kpuruyaeckoit roukn (0;1) ¢ Merkoii 7 — ycroitunsbiit y3ea upu (A = —1, Ao = —1);
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(a) (b)

Puc. 8. zokiunsr nymns (a) u daszossrit moprper (b) cucreMmsr (7) ¢ 1€BATHIO KDUTHIECKAMH TOTKAML.

Suadenns napamerpos i = 20, 01 = 6, 03 = 0,5, w11 = 10, wia = 5, wo = —2, way = 3.
(viil) Tun kpurrgeckoit Touku (0,1;1) ¢ Merkoit 8 — cemito npu (A = —1, Aoy = 43,9);
(ix) Tun xpurmaeckoit Toukn (1;0,99) ¢ Merkoit 9 — ycroituuserit ysen upu (A = —1, Ay = —0,99).

2.4. Caywatd D: Hneubuyusa-axmusayus. CHOBa PACCMOTPHUM CJIydail MAKCUMAJIbHOI'O YHCJIa KPUTH-
9eCKUX TOYEK JJIs BapPUAHTA «UHIHOUIUsI-AKTUBAIUA», KOTOPOMY COOTBETCTBYET PEryJIsiTOPHAs MaT-

pUIa CTPYKTYPhI
_(+ -
w=(T 7)

[Tpu BLIOpAHHBIX 3JIEMEHTAX PEryJIsITOPHON MaTPHITHI

10 -5
v=(573)

cucreMa judpepeHInaIbHbIX yPaBHEHUI IPUHUMAET BU/L

dxl _e—H(10z1 —5x0—01)
Pk =t
(9)
dxo e_e*u(%l%’wz*ez) T
_— - 2.
dt

KpHTquCKHe TOYKHN HaXOJATCA N3 CUCTEMbI

2, = e_efu(10I1*512*91>’
B (10)
Io =€ s
OIIpe/IeJISTIONIEl M30KIMHBL HyJIs1. V30K/mHbl n306pazkenbl Ha puc. 9(a), a GpazoBblil HOPTPET ¢ BEKTOP-
HbIM 11oJieM — Ha puc. 9(b). Pesyibrarsl aHamm3a KpUTHIECKUX TOYEK:
(1) mun kpurudeckoit Toukn (0;0) ¢ Merkoit 1 — ycroituussiit y3en npu (A = —1, Ay = —1);
) tun kpurudeckoit Touku (0,3;0) ¢ meTkoit 2 — cejyio nupu (A1 = —1, Ay = 71,2);
1) Tun kpurundeckoi Touku (1;0) ¢ Merkoii 3 — yeroituuseit y3ea npu (A = —1, Ao = —1);
) tun kpurudeckoii Touku (1;0,16) ¢ meTkoit 4 — ceqyio npu (A1 = —1, Ay = 16,4);
v) tun kpurndeckoii Touku (0,54;0,48) ¢ merkoii 5 — Heycroiuuseiil y3esa (A = 36,2, Ao = 49,4);.
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(b)

Puc. 9. Vzokimunsr nyns (a) u daszossrit moprper (b) cucremsr (9) ¢ 1€BATHIO KDUTHIECKAMH TOTKAMIL.
Suadenns napamerpos i = 20, 01 = 3, 03 = 2,5, w11 = 10, wia = =5, woy = 2, way = 3.

(vi) tun kpurugeckoit rouku (0;0,86) ¢ merkoii 6 — ceqyio npu (A = —1, Ay = 6,5);

(viil) Tun kpurmdaeckoit Toukn (0;0,99) ¢ MeTkoit 7 — ycroitausslii y3ea upu (A = —1, Aa = —0,9);
(viii) Tun kpurmaeckoit Toukn (0,8;1) ¢ meTkoit 8 — cejyro mpu (A1 = —1, Ay = 33,5);

(ix) Tun kpurnaeckoit Toukn (1;1) ¢ Merkoit 9 — ycroitumsslit y3esn npu (A = —1, Ay = —0,9).

3. Bakurouenwue. [{nsa cucrem Buma (1), MOAETMPYOMUX JIBYX3JIEMEHTHBIE T€HHBIE CETH, MMEIOT
MeCTO cJjeayrone paKThI:

(1) Beerma cymiecTByeT MOJIOKEHNE PABHOBECHS;

(2) MakcuMaJIbHOE YUCJIO TIOJIOKEHUH PABHOBECHs! (KPUTUUECKUX TOUYEK ), 38 UCKJIFOUEHUEM BBIPOXK ICH-
HBIX CJIyYaeB, PABHO JIeBSITH;

(3) cTpyKTypa MHOXKECTBA KPUTHIECKUX TOYEK IIPH UX MAKCUMAJIBHOM KOJMIECTBE OJ[HA U Ta Ke JJIst
BCEX PACCMOTPEHHBIX CJIydaeB: YeThIpe yCTONYMBLIX y3Jla, YeThIpe cellia M HeyCTONYUBBIN y3es
B IIEHTDE;

(4) BO3MOXKHO J11060€ IUCJI0O KPUTUIECKUX TOYEK OT OJHOM 10 JIEBSITH;

(5) arTpaKTOPbI CHCTEMBI MOTYT COCTOSATH U3 OJJHON MJIM HECKOJIBKUX KPUTUYECKUX TOUEK;

(6) BO3MOXKHA KiaccuUKAIMsT THIMIHBIX TTOBEJIEHUH CUCTEMBI 110 MOJIOKEHUSIM U30KJIUH HYJIS;

(7) JerasbHOE MCCIIEIOBAHME KPUTUYECKUX TOYEK € BBIYMCJIEHHEM XapaKTEPUCTUUECKUX 3HAIEeHMIl
MOYKHO 3aMEHUTb FeOMEeTPUIECKUM aHAIM30M B3AUMHOIO PACIIOJIOKEHUs U30K/IUH HYJISL;

(8) dbyuxrust Tommepria mpuMeHEMa TIPH KAYECTBEHHOM M KOJMYECTBEHHOM HCCJICIOBAHUA MOJIEJIelt
FCHHBIX CeTel;

(9) BO3MOXKHO yIpaBjenue (KOHTPOJIb) CUCTEMON MyTeM U3MEHEHHsl PEryJUPYeMbIX HapaMeTpPOB;

(10) BO3MOXKHO MOCTPOEHUE CUCTEMBI (MOJIEN) ¢ HyKHBIMHU CBOHCTBAMU IIyTEM 3aJIaHUsi COOTBETCTBY-

IOINUX M30KJIMH HyJIsl U 3aTeM CHHTE3a HyZKHOIl CHCTEMBI.
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Abstract. The dynamics of a model of neural networks is studied. It is shown that the dynamical
model of a three-dimensional neural network can have several attractors. These attractors can be
in the form of stable equilibria and stable limit cycles. In particular, the model in question can
have two three-dimensional limit cycles.

Keywords: neural networks, mathematical modeling, attractors.
1. Introduction

The theory of neural networks appeared as an attempt to understand the structure and principles
of the functioning of the human brain. Now it is rich in results and practically significant field of
research in natural sciences. Artificial neural networks (ANN) can be understood as computing
systems inspired by biological neural networks. Their mathematical models can be formulated in
terms of systems of quasi-linear differential equations of the form Eq. (1). Each dependent variable
x; is associated with a neuron. It accepts signals from other neurons (this is called input) and
elaborates its own signal (it is called output) which is sent to a network. The nonlinearity is called
the response function, or activation function. Usually, a sigmoidal function like
f(z) =1/(1 4+ exp(—z)) or tanh(z) is used. Recent attempts to introduce other response
functions may be found in [6]-[9]. The system:

dx,

yTe tanh(a;1x; + -+ + a1 %) — byxq,

dx,

ar tanh(az12; + -+ + azpxp) — byxy, (1)
dx

d_tn = tanh(a,;x; + - + aQunxy) — bpXp.

Appears in neurodynamics [1], [2]. It is of general nature, and for appropriate choice of
parameters a; and b; it may have rich dynamics. Moreover, for sufficiently large n it can
approximate (on a finite interval) any dynamical system [3]. The dynamics of solutions is a
valuable object of investigation. Especially future states of a modeled neural networks are
important to know. For this, the analysis of the phase space is needed. Future states are heavily
dependent on attractors of the system, [4], [5]. In this note we will show that the three-dimensional
system of the form Eq. (1) can have stable equilibria in the form of stable focuses. For the
appropriate choice of parameters, it can have limit cycles attracting other solutions.

2. Two-dimensional system

Consider the system:
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dx,;
E = tanh(a11x1 + a12x2) - blxl’

2)
dx (
d_t2 = tanh(a,1x; + az,x;) — byx,.

Proposition 1. System Eq. (2) can have stable critical points of the type stable focus.

Proof by construction the example. Set a;; =k, a1, = 1.5, a,; = -1.5, a5, =k, k= 0.2,
b, = b, =1, see Fig. 1.

Proposition 2. System Eq. (2) can have a limit cycle.

Proof by constructing the example. Set a;; =k, a;, = 1.5, a,; = -1.5, a5, =k, k=12,
b, = b, =1, see Fig. 2.

Fig. 1. Stable focus as in Proposition 1 Fig. 2. Limit cycle as in Proposition 2

3. Three-dimensional system

Consider the three-dimensional system of the form Eq. (1):

dx

d_tl e tanh(allxl + Aq1pX,p + a13X3) - blxl,

dx

d_tz = tanh(alel + azzxz + a23x3) - bzXz, (3)
dx;

E = tal’lh(a31X1 + a3rXy + a33X3) - b3X3.

Proposition 3. System Eq. (3) can have three limit cycles.
Proof by construction the example. Let the coefficient matrix in Eq. (3) be:

1.2 15 0
A= <_15 1.2 0 ), b1 = bz = b3 = 1,

0 0 12

and see Fig. 4.
The nullclines for the system Eq. (3) are given by the relations:

0= tanh(allxl + Aq12X, + a13x3) - blxl,
0= tanh(alel + [P5PLY) + a23x3) - bzxz, (4)
0 = tanh(a3lxl + a32Xy + a33x3) - b3X3.

There are three periodic solutions. The respective trajectories are located in three planes (blue
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ones in Fig. 3). The critical points inside the limit cycles have the following characteristic
numbers: A; =—0.32, A, 3 = 0.2+1.5i for the critical points at (0; 0; £0.65857). The central critical
point (0;0;0) has 4; = 0.2, A, 3 = 0.2 £1.5i. Trajectories go away from the central critical point.

2
S,

S
T

=

o=

e

£ X

e
e

T

1.0
Fig. 4. Three periodic trajectories
of the system Eq. (3)

Fig. 3. Nullclines of the éystem Eq. (3),
matrix A

4. Perturbation of three-dimensional system

Let the coefficients of the system Eq. (3) be perturbed as:
1.2 1.5 01
Ay=|-15 12 -=0.1] (5)
-02 =02 1.2

-10
—05 X1

Fig. 5. Nullclines of the system Eq. (3) with the  Fig. 6. Two periodic attractors of the system Eq. (3),
coefficient matrix A, coefficient matrix A;, and converging some other
trajectories. The middle limit cycles are destroyed
There are still three critical points at (—=0.051; —0.039;0.68723), (0; 0; 0), (0.051; 0.039;
—-0.3543, 2,3 = 0.19+1.4946i for the first and

—0.68723). Their characteristic numbers are: A,
the third critical points, and 4; = 0.2266, A, 3 = 0.1866+1.5i for the central point.

Let the coefficients of the system Eq. (3) be perturbed as:
1.2 1.5 1.3
A,=[-15 12 -01) (6)
-04 -01 1.2
71
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There are still three critical points at (0.0527; 0.6533; —0.76188), (0;0;0), (-0.0527; —0.6533;
0.76188). Their characteristic numbers are: A; = —0.4434, 1, 3 = 0.089+1.1882i for the first and
the third critical points, and A; = 0.2921, A, 3 = 0.1539+1.6632™ for the central point.

X2 -1.0

0.0
X1 ) 1.0

Fig. 7. Nullclines of the system Eq. (3) with the  Fig. 8. Two periodic attractors of the system Eq. (3),
coefficient matrix 4, coefficient matrix A,, and converging trajectories

5. Conclusions

Dynamical systems, arising in neurodynamic, can have periodic attractors in the form of the
limit cycles. Periodic attractors in two-dimensional systems appear as the result of Andronov-Hopf
bifurcation, where the bifurcating parameter is the value at the main diagonal of the coefficients
matrix A. Three-dimensional systems can have two attractors in the form of limit cycles. Small
perturbation of the coefficient matrix A can destroy limit cycles lying in a non-stable manifold
(that is, in the middle plane in the example above). It seems that two side attractors (which were
in stable manifolds) are preserved under the perturbations saving the types of the corresponding
critical points. For practical purposes, special attention should be paid to perturbations that
preserve the structure of the nullclines and, as a consequence, characteristics of equilibria (critical
points).
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On a system of ordinary differential equations,
arising in applications

Diana Ogorelova

Summary. 3D-model of artificial neural network is considered where the sigmoidal
function is the hyperbolic tangent. The description of attractors is obtained depending
on parameters.

MSC: 34C10, 34D45, 92C42

1 Introduction

The theory of neural networks is an actively investigated field [1]. It studied relations
between neurons in a human brain. Neurons are imagined as elements of a neural network,
communicating with each other by means of electric signals. In the book [2] a system of
ordinary differential equations is proposed as a model of neural network. This system has
much similarity to systems, which model gene regularity networks (GRN in short).

The two-dimensional GRN system can be written as

I/:f1<x7y7lu’17017w117w12)_’71‘7;7 (1)
y’ = f2<$797M2792,w21,w22) - Y2V,

where f; are sigmoidal functions, increasing from zero to unity as the argument goes from

—00 to +00. The function f(z) = is an example. Another example is the Gompertz
_e—HZ

1

Tre—me

function f(z) =e . There are many other sigmoidal functions.
In the study of neural networks the system

T, = tanh(z a;jx; —0;) — bix;
j=1

is used [2, §6.10]. Here n is the number of neurons in a network. Our intent in this note
is to describe some properties of a 2D neuronal system.



6

2 Hyperbolic tangent function

z —Z

e
P
Function tanh z is a sigmoidal function, that is, each tanh z is monotonically increasing
from minus unity to unity as the argument z goes from —oo to +00 and, moreover, the
graph of tanh z has only one point (0;0) of inflexion.
f(2) f2 '@t

N

—e
Consider the function tanh z =

05| S st AN

- \ ~
~~~~~~~~
-

-05F -05F %
\

a) Sigmoidal function f(z) = tanhz b) Solid - f(x), dashed - f(z), dotted -
f(x)

Fig. 2.1.
Consider the Hyperbolic tangent function in the form f(z) = tanh(uz — 6), where p

and @ are positive parameters.

If the parameter © — o0, then graph of sigmoidal functions takes the piece-wise
linear form. If the parameter 1 — 0, then the graph of the sigmoid function is smoothed
out. The parameter @ is responsible for the shift of the graph of sigmoidal function. If
0 — +oo, then the graph shifts to the right. If § — —oo, then the graph shifts to the
left.

f(2

051

—05}F

—10L

Fig. 2.2.Hyperbolic tangent function at the form f(z) = tanh(uz — 6), where u =5 and
0= —-2.

Our goal is to study the phase portrait and the attracting sets of this function.



3 2D neuronal system

Consider the system

{ x’ = tanh(wy 1z + wi2y) — by, @)

y' = tanh(wa1x + way) — bay,

where w;;, b; are parameters.
Types of interaction are described by the so called regulatory matrix W = (w;;). The
regulatory matrix elements can take any reasonable values

W — Wy W2 .
Wo1 W22
The elements of regulatory matrix w;; responsible for the nullclines shapes. There
exist four cases for type of interaction.

Case 1: Activation The regulatory matrix for this case in the form

v=(17)

where elements w; and wqs can take any reasonable values, but elements wy, and wq; are
positive.

4 T a 4 T a 4
i i
i - i -
i i
i - i -
i I
\ ] \ ]
\ \
2 \ - 2| \ - 2
\ 5
\ - \ - p
\ \ /
1 \ 1
\ 7
\ - \ - N y
5 \ \/\
o - o - 0
X
b\ \ ;
\ - \ - ;
\ \ J
L S ] \ ]
7
\ \
\ 1 \ 1 v
\ \
2 \ - 2 \ - 2
\ \
\ \
A \
i H

1wy = 6, w12 = 2] w1 = —6, w12 = [3] w1 = —6, w12 = [4] wi = 6, w12 =

3, w21 = 3, wa = 3, wo1 = 3, w2 = 3, wo1 = 3, w2 = 2, w21 = 2, w2 =
6,b = by = 1 6, = by — 1 6,by — by — 1 6,y = by =1

Fig. 3.1. Visualization of all cases

Case 2: Inhibition. The regulatory matrix for this case in the form

where elements w; and wqs can take any reasonable values, but elements wy, and ws; are
negative.
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[blwir = 6, w12 =

—3,w21 = —3, w99 = —3,w21 = —3, w99 =
6,b1 =by =1 —6,b1 =by =1

Case 3: Activation - Inhibition.

o

[6]wi1 = —6,wi2 =

[7] w1 = —6, w12 =

=3, w21 = —3, w2 =
6.by = by = 1

Fig. 3.2. Visualization of all cases

)

8] w11 =6, w12 =
—2,w91 = —2, w9y =
—6,by = by — 1

The regulatory matrix for this case in the form

w=(

where elements wq; and wqs can take any reasonable values element, but wi, is positive

and element wy; is negative.

4 7 =
H
H 1
i
H 1
\
\ 1
\
2 Y 1
\
\ I
Y
\ 1
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o 1
\ I
\ 1
2| \I
E \ 1
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|
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\ 1
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H

7
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7
/

9] w11 = 6, w12 = [10] w11 = —6, w12 =

3, w1 = —3, w2 = 3, w1 = —3, w2 =
6,b) = by = 1 —6,by = by = 1

Case 4: Inhibition - Activation.

[11] w11 = —6,’[1}12 =

3, w2 = —3, w2 =
6,by = by — 1

Fig. 3.3. Visualization of all cases

)

[12] w11 = 6,’[1)12 =
2,wo1 = —2,wy =
—6,b1 =by =1

The regulatory matrix for this case in the form

*
w(+

where elements wy; and wyy can take any reasonable values but element wy is negative

and element wo; is positive.
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[13] w11 = 6,w12 = [14]11}11 = —6,w12 = [15]'(011 = —6, w12 = [16]11)11 = 6, w12 =

—3, w21 = 3, w22 = =3, w91 = 3, w = =3, w91 = 3, wey = —2,w91 = 2, w9y =
6,by = by = 1 —6,by = by = 1 6,by = by = 1 —6,by = by = 1

Fig. 3.4. Visualization of all cases

Corollary. There exists at least one critical point and the maximal number of critical
points is nine.

Proposition 1. All critical points (z,y) are in (—1,1) x (—1,1).
The vector field, defined by the system (2)), is directed inward on the border of the
box

1 1
QQ = {(.Z',y) : ‘QZ’| < ’y‘ < _}
b by
No trajectory can escape the box.

4 Critical points
The system in extended form is

x’ = tanh[p (w1 z + wiey — 61)] — by, (3)
y' = tanh[ps(wax + waoy — 62)] — bay,

where p; and b; are positive parameters.The coefficient matrix is

W = ( Wy Wiz ) .
Wa1 W22
The nullclines are given by the equations

1
T = tanh([p (w12 + wiay — 601)],

L (4)
Y= ™ tanh[ps (wo1x + wasy — 02)].

2

There exists at least one critical point. For analysis of critical points we need the

linearized system (3).
For analysis of critical points we need the linearized system. It is

{ul_<_b1+flz>'u+f1y'va (5)
V' = for - u A+ (=by + foy) - v,
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where

{ fi = tanh[py (winz + wigy — 61)),
f2 = tanh[/jQ('lel' -+ Wa2lYy — 92)]

A= _b1+f1x fly
Jou —ba + foy
—b1 + f1e — A J1
A—- )N = Y
fou —by + foy — A '

and the characteristic equation is

det]A — )\]’ = (—b1 + flx - )\)(—bg -+ f2y - )\) - (fly)(fo) - b1b2 — b1f2y -+ bl)\—
bofize + frafoy — frad 4+ baX — foy A + A% — fiyfor = A2+ (b1 — fro + ba — foy) A+
+(biby — b1 foy — bafio + fiafoy — fiyfoe) = 0.

To simplify we can write the characteristic equation as

M4+ BA+C =0,
B = by — fiz + b2 — foy,

C' = biby — by foy — baf1z + frafoy — fiySou-

Example 1. Let consider the regulatory matrix in the form

3 3
v=(53)

(10)

(11)

(12)

by = by = puy = pe = 1,60, = 6y = 0.1. There are respectively one critical point

(—0.018;0.045). The phase portrait of system (3)) for one critical point is

Fig. 4.1. Limit cycle. Critical point is a unstable focus
(A = 1.49744 — 2.95413i, \y = 1.49744 + 2.954131)
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Example 2. Let consider the regulatory matrix of the form

12
v 1)

by = by = puy = pe = 1,00 = 03 = 0.1. There are respectively three critical points
(—0.995; —0.968), (0.1;0.05), (0.993; 0.951). The phase portrait of system (3)) for three
critical points is

Fig. 4.2. Side critical points are stable nodes, middle point is a saddle
Example 3. Let consider the regulatory matrix of the form

31
ve (V)

by = by = py = g = 1,60, = 05 = 0.1. There are respectively nine critical points. The
phase portrait of system (3) for nine critical points is

15

AN .
\(/? \\ \\\\_\\E\ //
) 6\ / ;

Fig. 4.3. Four side critical points are stable nodes, four critical points are saddle and
middle point is unstable node
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Abstract—We provide the conditions for the existence of a  Under these conditions the vector field is whirling (clock-
periodic solution in two-dimensional systems of ordinary differ- wise fora > 0, b < 0 and counter-clockwise for < 0,
ential equations, which arise in the theory of genetic and artificial b The nullclines are aiven b
neural networks. The proof is based on Poincare-Andronov- > 0). 9 y

Hopf bifurcation. Multidimensional attractors can be constructed 0 = tanh (kz; + azs) — 1,
using the two-dimensional ones. lllustrations and examples are 0 = tanh (bay + kzo) — = 3)
provided. o 1 2 z

'rll(deﬁ Lermstfl\l/lather?atical VEOd?”ing. genetic regulatory net-  The critical points are solutions of (3). It is possible that there
WOTrKSs, ditrerental equations, attractors. is a Single critical pOintP.

I. INTRODUCTION Suppose that andb have been chosen. It is known that by
certain choice of the parametérs critical point can be placed

Large networks are in the focus of investigation in latg - .
decades due to their applicability in practical studies. Gene‘/ﬁ(t:the origin(0, 0) for ANN system and at the poir.5, 0.5)

o : - f GRN system [9]. Letd be chosen appropriately for an
regulatory networks (GRN) have applications in medicine [ hoice ofkya b an[d]P is put at the centrglppoF;ition.ySupposye

and are studied extensively by methods of mathematical m?HétP is a single critical point. It can be shown by standard

eling. The relative |nformat|on can_be found in [1], [2], [3]’Iinearization analysis that fdr small P is stable focus and the
[6], [5], [15], [17], [13]. Of particular interest are the evolution - . .
real part of the characteristic numbers is negative. It serves as

of GRN and predicting future states. For this, modeling usmﬁ: attractor for system (2). The poifitis characterized by the
C

dynamic systems is efficient. We consider models of GR -~ B . o
networks using quasi-linear ordinary differential equations ¢ aracteristic numbers, , = a(k) + ()i, where: = /=1,

the form (1). The nonlinearity is represented by a sigmoidal For some Iallr.gelk the r.eal_ parta({f) Passes throu_gh zero
) - . . . and stays positive. A periodic solution appears. This is called
function. We use logistic function. Some other S|gm0|d§}

functions, Hill's function [7], Gompertz function [15], etc. usually the Hopf bifurcation. It can be observed any time,

also can be used. The special attention is paid to attract«%?? en experimenting with systems (1) and (2) and choosing

since they form future states of a network. In this paper, We%para_met_ek approprlatr(]a_ly. isel . L
deal with periodic attractors. Systems of ordinary differential ur aim is to prove this precisely (using some existing
equations that model GRN are similar to those that are usde O.f for geng_ral pIan_ar _system;). The.n we show how now
to model artificial neuronal networks (ANN) ( [4], [14], [12]), precisely justified perlc_)dlq solutions (limit cycles) can be
[11]. So we treat them together, and try to compare both. used to construct periodic attractors for systems of even

We consider the two-dimensional systems of the form dimensionality.

o = 1 —r II. GRN-SYSTEM
1 1+e—#H1(keytazy—01) 1y (1)
ThH = 1+c,u2(b}1+m2,92> — T3. Consider the system (1) under the conditions (A1) and (A2).
The vector field rotates then in the unit squ&le = {0 <

and S X

2, = tanh (k21 + azs) — 21, ) 1 <1,0< 2z < 1}_ clogk-W|se, ifa >0 (re_spectlveI)b < 0),

oy = tanh (bzy + ko) — @». (2)  or counter-clock-wise, it: < 0.) The nuliclines
The system (1) first appeare_d in the work [18] (see also [10]) T = He_,‘,l(k,,lﬁm_elw 4)
as the model of two-dimensional neuronal networks. Systems T2 = 17 —

of the form (2) were discussed in [16, Ch. 6].
Both systems can suffer the Poincare-Andronov-Hopf (intersect at the poin{0.5,0.5), if 6; = 0.5(k + a), 63 =
short: Hopf bifurcation) bifurcation with respect to the pad.5(b + k). This can be checked immediately. This trick was

rameterk. used also in a more general situation in the paper [9]. This
We suggest that does not exclude the possibility of the existence of more
(Al): a-b<0; critical points. All of them must locate i§)5. If the nuliclines

(A2): k is positive. (4) intersect only ones, a single critical point (it then is



at (0.5,0.5)) has characteristic values (this is the result of All GRN-systems are of the form

standard linearization analysis) ;o 1
Ty = 1+efu1(w11x1+w1%1'2+...+w1nwn—91) — T,
. . /o
/\1,2 =—-1+ k+ \ |ab 1, 1=V -1 (5) Ty = 1+e r2(waiel twag@a+. . Fwapen —02) — T2, (8)
for the special choice of; = s = 4. This critical point is a xl, = ST (TReF RS 12 —— 7 — Tns
i G E i T naa T T wnman n
stable focus for smalt and an unstable one for larger | i ;
Since the rotating vector field is repelling in a neighborhood Example. Consider system (8) fon = 4.
of the unstable focus but is directed inward on the borders e WM — x4,
. . . . . e N
of 2, the existence of a periodic solution is expected. In al = — s — T2,
. . . - —oxT] ) O
multiple examples for various choices of the parametebsk ol = te 1 . 9)
. . . . . . - —4(2x 3xy—2.5 bl
(satisfying the conditions (A1) and (A2)) the periodic solutions 3 LtemtZeafieam2®)
Ty = Tte A(—Bu3T2a4105) T4.

were constructed computationally.
Consider the result formulated in [8].
For the system

1‘/ = fﬂ(x’ y)a

6
{ Y = gu(z,y), ©

depending on the parametgr the following is true.

Proposition 2.1:Let (x¢, yo) be the critical point of (6) and
Ap) = alp) £iB(p).

Suppose that for certain = o the following conditions
are satisfied:

- o . Fig. 1. The limit cycle in the 2D system corresponding to the first and the
1. a(ug) =0, 5(/‘0) =w 7& 0; second equations in (9), with the nullclines (blue and red), the vector field

and a solution, tending to the limit cycle (dashed).
2. do(p1)/dp # 0]u=py =

3. a# 0, where
fyy) - gwy(gacw + gyy) —  freGze + fyygyy) with
facy = 32fu/(3133y)(170,y0) at u = po, etc.

Then a unique curve of periodic solutions bifurcates from
the fixed point into the regiop > uo if a-d < 0.

Let us check the system (1) for these conditions. The
bifurcation parameter is. The real part of\ is a(k) = —1+k.
The imaginary part is3(k) = y/|ab|. So the condition 1 and
2 in Proposition 2.1 are satisfied. The condition 3 is trlck)'é:'g 2. The projection of the attractor in the system (9) ofite, x2, z3)-
Using Wolfram Mathematica for analytical calculation of the"
expression in the condition 3, [8], we arrive to the following
assertion.

Proposition 2.2:The expression (denoted in the condition
3 of [8] for the system (1), wheré; = 0.5(k + a), 02 =
0.5(b+ k), is

a = k((—0.0625a%—0.0625k%) 113 +(—0.0625b* —0.0625k%) 113 ).
(1)

So for k > 0 the condition 3 in Proposition 2.1 is fulfilled. o

Il EXAMPLE FOR GRN-SYSTEM Fig. 3. The projection of the attractor in the system (9) ofite, z3, 4 )-

In this section we provide examples of periodic attractor§--®
for four-dimensional and five dimensional systems.



V. EXAMPLE FORANN-SYSTEM

Consider the four-dimensional system, where we provide

examples of periodic attractors.
All ANN-systems for four-dimensional system are of the

form
xy = tanh (w1121 + w122 + wi3x3 + Wi1aTy) — 71,
SCIQ = tanh (wgll’l + wWo2X2 + Wa3T3 + W4Ty — T2,
xf = tanh (w3121 + w3222 + W3z + WasTy — T3,
LUZL = tanh (w41x1 + WyoXo + W43X3 + WyaTy — X4.
Fig. 4. The projection of the attractor in the system (9) ofite, z3, z4)- (12)
space. Consider system (12) wherg = 0 and regulatory matrix
is
\ b kK 0 0
3 W= 0 0 k£ a
0 0 b k
Example 1.
x} = tanh (221 — 22) — x4,
xy = tanh (3x1 + 222) — 29, (13)
x4 = tanh (2x3 — 24) — x3,

2y = tanh (3x3 + 2x4) — 24.

This system is studied numerically (Wolfram Mathematica),
providing description of the phase space and images of 2D and

1000 3D projections.
Fig. 5. Ten solutions of the system (9) (red), and the attractor (black). The 1€ Oscillatory solutions as shown in Figure 6 and Figure
7.

projection onto(zz2, x3, z4)-space.

IV. ANN-SYSTEM

The hyperbolic tangent sigmoid function represents the
hidden layer of sigmoid neurons followed by an output layer
of positive linear neurons.

Consider a system (2). The vector field rotates in the square
Gy ={-1<z <1,-1 < 25 < 1}. The nullclines

z1 = tanh (kz1 + axs),
{ xo = tanh (bxy + kx2) (10)

intersect at the poin0, 0). If the nullclines (10) have a single
cross-point (it is then &, 0)) and if we analyze the linearized
system for nuliclines (10), the characteristic values for the
critical point are the same (5) as for GRN-system. This critical
point is a stable focus, # < 1 and an unstable one fér> 1.

we can show that the conditions in Proposition 2.1 are fulfilled.

Proposition 4.1:The expression (denoted in the condition
3 of [8] for the system (2), is

a=1/16(—2a%k — 2b%k — 4k>). (12)

Calculations were made in Wolfram Mathematica analyti-
cally. Of course, the expression above is negativé:for0. So
Proposition 2.1 holds and the existence of periodic solutions
in ANN-system (2) is confirmed also theoretically.

Fig. 6. Solutions(z1 (), z2(t)) of the system (13).

{x3, x4}

Fig. 7. Solutions(z3(t), z4(t)) of the system (13).

The attractor as shown in Figure 8 and Figure 9.



{x1, x2}
1.5¢

-15"

Fig. 8. The projection of the attractor of system (13) onto @R, z2)-
subspace.

Fig. 9. The projection of the attractor of system (13) onto 3D, z2, z3)-
subspace.

VI. CONCLUSIONS

Both GRN and ANN systems are similar. The questioi2]
about possible attractors is in focus for both systems. The
periodic attractors can exist in systems of both types, To hg,
sure, one may first investigate the two-dimensional systems,

construct periodic solutions, and then compose systems
higher dimensions, where the matrices of parameters

block-matrices with 2D blocks. Attractors emerge in new

phase space. It is not difficult to construct 2D systems witk°!
periodic solutions, which are represented by closed trajecto-
ries. As to the precise mathematical proof of their existence,

(20]

(11]

dimension four.
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Abstract: In the language of mathematics, the method of cognition of the surrounding world in which the description
of the object is carried out the name is mathematical modeling. The study of the model is carried out using certain
mathematical methods. The systems of the ordinary differential equations modeling artificial neuronal networks and
the systems modeling the gene regulatory networks are considered. The one system consists of a sigmoidal function
which depends on linear combinations of the arguments minus the linear part. The other system consists of a sigmoidal
function which depends on the hyperbolic tangent function. The linear combinations and hyperbolic tangent functions
of the arguments are described by one regulatory matrix. For the three-dimensional cases, two types of matrices are
considered and the behavior of the solutions of the system is analyzed. The attracting sets are constructed for several
cases. [llustrative examples are provided. The list of references consists of 19 items.

Keywords: gene regulatory network, artificial neural network, chaotic solution, periodic solution, Lyapunov exponents

MSC: 34A34, 34D45, 92B20, 92D15

1. Introduction

Complex regulatory networks are being explored in many areas of science, including biochemistry, biology [1-
2], ecology, and engineering. Gene regulatory network (GRN in short) is a complex dynamical system that is present in
living organisms and which is constantly changing their states responding to fluctuations in their environment [3]. For
a complete description of gene networks, it is necessary to analyze the processes occurring in them at the level of the
whole organism. In this case, it is possible to describe gene networks, some parts of which are distributed over various
large compartments of their organism, such as organs and tissues. In many cases, it is possible to determine the direction
of processes within a specific fragment of the gene network. The main approaches to the description of gene networks
and modeling their dynamics are a logical description; a description of the gene network using a system of nonlinear
differential equations [3]; stochastic gene network models; graph theory [1], Boolean modeling [1]. Nonlinear ordinary
differential equations are the most-widespread formalism for modeling genetic regulatory networks [4-7].

An artificial neural network (ANN in short) is a mathematical model created in the likeness of biological
neural networks [8]. Similar to a natural analog, an artificial neural network consists of neurons and synapses [9].
Neural networks are used to solve many problems: recognition and generation of images (face identification in video

Copyright ©2023 Inna Samuilik, et al.
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surveillance systems); speech and language (language for chat-bots and service robots); weather prediction; medical
diagnosis [9-10]; business fields [11-12]; traffic monitoring systems [13].

In our paper, we use nonlinear ordinary differential equations to model the GRN and ANN. Our goal is to describe
the behavior of the systems and to compare the results of GRN and ANN. In our previous papers on GRN networks
multiple results on attractors and their properties were obtained. By comparison with models of neuronal networks
we wish to show that similar results can be presented for neuronal networks. Our consideration is geometrical. The
main intent is to use the 2D and 3D projections on different subspaces, to construct the graphs of systems solutions.
Visualizations are provided. The dynamics of Lyapunov exponents are shown. Calculations and visualizations are
performed using Wolfram Mathematics.

2. Gene regulatory network

Consider the three-dimensional system

' 1

A= 14+ o mn W w333 -6;) —n

X = ! - VX (1
2 1+ e—ﬂz(W21X1+W22x2+W23x3—‘92) 272
r 1 :

3= 1+ e—ﬂ3(W31x1+W32x2 +w33x3-63) 3%

In the context of GRN theory, this system describes the three-element network. The link between any two elements
x; and x; is associated with the element w;; of the regulatory matrix

W1 W2 w3
W=|wy wy wy

W31 W3 Wiz

Positivity of w,; means the activation of x; by X, negativity means inhibition, and zero value is for no relation.
System (1) was studied, in particular, in the paper [14].

1
1+e—y1(wq1x1+wq2x2+wq3X3—91) ’
1
1+ e—#z(wzm+W22x2+wz3x3—92) ’
1

1+ e—ﬂ3(W31x1+W32x2 +wy3x3—63)

Vi =

Xy =

2

V3X3 =

All critical points are located in the open parallelepiped

1 1 1
{(xl,xz,x3):0<xl<—,0<x2<—,0<x3<—} (3)
Vi V) V3

Contemporary Mathematics 218 | Inna Samuilik, ef al.



2.1 An example of the system (1) with a periodic solution

Let the coefficient matrix in (1) be

25 -15 0
w= 4 25 0 4)
0 0 12

andv, =v,=v;=1u,=23;4,=1.9;u;,=1,60,=05;0,=2.5;0,= 1.

There is one critical point (0.320154; 0.418536; 0.36235). The characteristic numbers are 4, =-0.72 and 4, ; = 0.2
+ 1.18i. The type of critical point is an unstable saddle-focus. The nullclines of the system (1) and the stable periodic
solution are depicted in Figure 1 and Figure 2. The graphs of x(#), i = 1, 2, 3 of the system (1) with the regulatory matrix
(4) are depicted in Figure 3.

Figure 1. The nullclines of the system (1) with the regulatory matrix (4).

0.6

Figure 2. The periodic solution of the system (1) with the regulatory matrix (4).
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Figure 3. The graphs of x(¢), i = 1, 2, 3 of the system (1) with the regulatory matrix (4).

100

Similar systems are considered in paper [14].
The dynamics of Lyapunov exponents (LE, = 0, LE, = -0.3166; LE, = -0.7227) are shown in Figure 4. The
following set of LEs characterizes the stable limit cycle.

Y - o i T ———————— T
v 1
F 1
0.2 .
1
1
0.4 [l ]
g F { 1
Q - 1
s i )
-0.6 |- <
1
- 1
-0.8 k -
1
- 1
-1.0 | -
-l A A A 1 i 1 A A Y 3 A A L
0 2000 4000 6000 8000

Steps

Figure 4. The dynamics of Lyapunov exponents.

The sum of Lyapunov exponents of the system (1) with the regulatory matrix (4) is negative that is why it is a
dissipative system.
2.2 An example of the system (2) with a chaotic solution

Under chaos in ancient Greek mythology understood the pre-life confusion. Greek “chaos” is the infinite first

Contemporary Mathematics 220 | Inna Samuilik, ef al.



everyday mass, which subsequently gave rise to all the existing. Physicists call this science-“nonlinear dynamics”,
mathematicians-“chaos theory”, all the rest-“nonlinear science”.

Chaos is a multifaceted phenomenon that is not easily classified or identified. There is no universally accepted
definition for chaos, but the following characteristics are nearly always displayed by the solutions of chaotic systems [15].

There are several characteristics that identify the behavior of chaotic systems [16]. Usually to identify a chaotic
system scientists use the method of Lyapunov exponents [16]. A 3D dynamical system is chaotic if it has one positive
Lyapunov exponent (LE in short) [17]. Also, a system is said to be dissipative if the sum of all Lyapunov exponents of
the system (1) is negative [18].

Consider the system (1), where v, = 0.65, v, =0.42, v;=0.1, u; =, =7,u;=13,60,=0.5,0,=0.3,0,=0.7.

The regulatory matrix of the system (1) is

0 1 -563
w=| 1 0 0133 )
1 002 003

The initial conditions are
x1) =02;x(1) =1.3;x3(1) =0.4. (6)

There is one critical point. The characteristic equation for critical point (0.370688; 1.59227; 0.223125) is 2+
AP+ B+ C= 0, where 4 = -1.16149; B = -0.428566; C = -0.689604. Solving the equation, we have 4, = -1.257; /12’3 =
0.0477516 + 0.739143i. The type of critical point is an unstable saddle-focus. The nullclines of the system (1) with the
regulatory matrix (4) and the chaotic attractor of the system (1) with the regulatory matrix (4) are depicted in Figure 5
and Figure 6. The graphs of x(#), i = 1, 2, 3 of the system (1) with the regulatory matrix (4) are shown in Figure 7.

1.0

Figure 5. The nullclines of the system (1) with the regulatory matrix (4).
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Figure 6. The chaotic attractor of the system (1) with the regulatory matrix (4).
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Figure 7. The graphs of x(), i = 1, 2, 3 of the system (1) with the regulatory matrix (4).

Similar systems were considered in papers [14], [19] and [20].

The dynamics of Lyapunov exponents (LE, = 0.03, LE, = 0; LE; = -1.16) are shown in Figure 8.

At the end of the 70s of the last century, the Kaplan-Yorke formula was proposed to estimate the fractal size-in
terms of Lyapunov exponents [12].

Let calculate the Kaplan-Yorke dimension using the formula

Dgy =J'+; 3 L;
|Lj+1|j=1

with j representing the index such that
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J J+l
ZLj >0, > L; <0
j=1 j=l

Such formula is considered in papers [12, 21].

Kaplan-Yorke dimension for the system (1) with the regulatory matrix (5) is Dy, = 2.03. The sum of Lyapunov

exponents of the system (1) with the regulatory matrix (5) is negative that is why it is a dissipative system. The

dynamics of Lyapunov exponents are shown in Figure 8.
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Figure 8. The dynamics of Lyapunov exponents.

3. Artificial neural network

Consider the three-dimensional system

X = tanh(wl 1X1 T WXy + W13X3) - blxl 5
Xy = tanh(w21x1 + WXy + W23X3) —b2x2 ,

x,3 = tanh(w31x1 + W3rXp + W33X3) - b3X3.

The system (7) is considered in papers [22, 23].
The nullclines are given as

byxy = tanh(w 1 x; +wpX +wi3x3),
b2X2 = tanh(wzlxl + Wyp X9 + Wy3X3 ),

b3X3 = tanh(w31x1 + W3rXp + W33X3).

All critical points are located in the open parallelepiped

1 11 1
(xl,x2,x3).—E<xl<—, —— <X <—, ——<x3<—.

b by
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3.1 Examples of the system (7) with regulatory matrices (4) and (5)

Consider the coefficient matrix (4) and b, = b, = b, = 1.

There are three critical points. First critical point is (0; 0; 0). The characteristic numbers are ; = 0.2 and 4, ; =
1.5 £ 2.45i. The type of critical point is an unstable focus-node. Second critical point is (0; 0; 0.66). The characteristic
numbers are 4, = -0.32 and 4, ; = 1.5 + 2.45i. The type of critical point is an unstable saddle-focus. Third critical point
is (0; 0; -0.66). The characteristic numbers are 4, = -0.32 and 4, ; = 1.5 + 2.45i. The type of critical point is an unstable
saddle-focus. The nullclines of the system (7) with the regulatory matrix (4) and three periodic solutions of the system (7)
with the regulatory matrix (4) are shown in Figure 9 and Figure 10. The graphs of x(7), 7 = 1, 2, 3 of the system (7) with
the regulatory matrix (4) are depicted in Figure 11.

-0.5

x1

Figure 10.Three periodic solutions of the system (7) with the regulatory matrix (4).
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Figure 11. The graphs of x(7), 7 = 1, 2, 3 of the system (7) with the regulatory matrix (4).

Similar systems are considered in paper [22].
The dynamics of Lyapunov exponents (LE, = 0, LE, = -0.32; LE; = -0.78) are shown in Figure 12. The following
set of LEs characterizes the stable limit cycle.
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Figure 12. The dynamics of Lyapunov exponents.

The sum of Lyapunov exponents of the system (1) with the regulatory matrix (5) is negative that is why it is a
dissipative system.

Consider the coefficient matrix (5) and b, = 0.65, b, = 0.42, b, = 0.1. The coefficients of regulatory matrix and
parameters are the same. The initial conditions are (6). There is no chaotic solution. The nullclines of the system (7)
with the regulatory matrix (5) and the solution of the system (7) with the regulatory matrix (5) and the initial conditions (6)
are shown in Figure 13 and Figure 14. The graphs of x(#), i = 1, 2, 3 of the system (7) with the regulatory matrix (5) are
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depicted in Figure 15.

Figure 13. The nullclines of the system (7) with the regulatory matrix (5).

1.0

Figure 14. The solution of the system (7) with the regulatory matrix (5) and the initial conditions (6).

The dynamics of Lyapunov exponents (LE, = -0.32, LE, = -0.33; LE, = -0.49) are shown in Figure 16. The
following set of LEs characterizes the stable fixed point.

The sum of Lyapunov exponents of the system (1) with the regulatory matrix (5) is negative that is why it is a
dissipative system.
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Figure 15. The graphs of x(¢), i = 1, 2, 3 of the system (7) with the regulatory matrix (5).
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Figure 16. The dynamics of Lyapunov exponents.

4. Conclusion

The article deals with models of three-dimensional genetic and neural networks with a certain set of parameters
and two different regulatory matrices. In a genetic system with a matrix (4), the existence of a periodic solution is
shown. For a neural system with the same matrix, the existence of three periodic solutions is shown. In a genetic system
with a matrix (5), a solution with chaotic behavior is indicated. This is evidenced by the Lyapunov curves, the three-
dimensional graphics of the solution and the graphs of the three components of the solution. At the same time, in a
neural system with the same regulatory matrix, this solution does not detect chaotic behavior. This observation is in line
with statement [23, section 6.10.1] that the minimum dimension of systems of the form (7) in which chaos is possible is
four.
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Abstract: The question of targeted control over trajectories of systems of differential equations
encountered in the theory of genetic and neural networks is considered. Examples are given of
transferring trajectories corresponding to network states from the basin of attraction of one attractor
to the basin of attraction of the target attractor. This article considers a system of ordinary differential
equations that arises in the theory of gene networks. Each trajectory describes the current and future
states of the network. The question of the possibility of reorienting a given trajectory from the initial
state to the assigned attractor is considered. This implies an only partial control of the network. The
difficulty lies in the selection of parameters, the change of which leads to the goal. Similar problems
arise when modeling the response of the body’s gene networks to serious diseases (e.g., leukemia).
Solving such problems is the first step in the process of applying mathematical methods in medicine
and pharmacology.

Keywords: network control; attracting sets; dynamical system; phase portrait; gene regulatory networks;
artificial neural systems

MSC: 34B15; 34B23; 34C60; 34D45

1. Introduction

Let us start with the following citation: “Complex systems are networks made of a
number of components that interact with each other, typically in a nonlinear fashion. Com-
plex systems may arise and evolve through self-organization, such that they are neither
completely regular nor completely random, permitting the development of emergent behav-
ior at macroscopic scales. Complex systems science is a rapidly growing scientific research
area that fills the huge gap between the two traditional views that consider systems made
of either completely independent or completely coupled components. .. These properties
can be found in many real-world systems, e.g., gene regulatory networks within a cell,
physiological systems of an organism, brains and other neural systems” [1].

We proceed with considering gene regulatory networks (GRNs in short). Living cells
in an organism form complicated systems that can be studied using mathematical methods
as well. The aim of these studies is to understand the complexity of these systems and
the structure of their interrelations. Every element of such systems can influence others
activating or inhibiting them. The gene regulatory system (GRN) is defined as a network
of genes and their activating—inhibiting connections. Different mathematical models were
used to analyze networks [2]. Models using differential equations are especially effective
since they treat networks as dynamical objects and involve the concept of an attractor.
Differential equations allow for describing oscillatory behavior, stationary solutions, and
cyclical patterns. Nonlinear ordinary differential equations are widespread mathematical
tools for studying the regulatory interactions between genes. The time-dependent variables
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x(t) represent the concentration of gene products mRNAs or proteins. These variables are
positive-valued.

It was noticed by biologists that cells of living organisms are adaptable to changes in an
environment even if these changes are very rapid. It was proposed to use attractor selection
as the principal mechanism of adaptation to unknown changes in biological systems [3].

The main idea of attractor selection is that the system is driven by deterministic and
stochastic components. Attractors are a part of the solution space. Conditions of such
system are controlled by a simple feedback. When conditions of a system are suitable (close
to one of the attractors), it is driven almost only by deterministic behavior, and stochastic
influence is very limited. When conditions of the systems are poor, the system is driven
mostly by stochastic behavior. In this case, the system randomly fluctuates in search for a
new attractor. When it is found, deterministic behavior again dominates over stochastic [4].

On the other hand, the system can be controlled by changing the adjustable parameters
(if any). Then, stochastic behavior can be neglected (this is our assumption) and only the
deterministic model can be studied. If we use the attractor selection mechanism for network
resource management, at first we should define a regulatory matrix W = {w;;}, which
shows relationships between node pairs, that is, how each node pair affects each other
including itself. As it was proposed by some authors ([5], for instance), three types of
influence exist, namely activation, inhibition, and no relation, corresponding to positive,
negative values of w;; in the interval [—1, 1], or zero. We do not restrict the range of values
for the entries w;;.

Some authors consider GRNs in the conditions of serious disease [6—8]. The mathe-
matical model consists of a system of ordinary differential equations, which possess some
remarkable properties. This system depends on multiple parameters, some of which are
adjustable. The properties of this system imply the existence of attractors. These attractors
can also be multiple. The above-mentioned authors associate the disease with special states
of GRNSs. It is claimed that the trajectory, which reflects the current system state, will
tend to a “wrong” attractor. This can be improved by reasonably selected control means.
Mathematically, these means are imagined as the changing of the adjustable parameters
so that the trajectory changes its direction and goes to an attractor corresponding to a
normal state.

In this article, we consider models of GRN, consisting of ordinary differential equations.
We elaborate the scheme of control and managing trajectories in a GRN network. The
aim is to redirect a trajectory from an initial point to a targeted attractor. Examples for
two-dimensional systems are provided.

The problem of treating complex networks, and modeling them using mathematical
means and notions, is very important due to the existence of networks in nature and
technology. In our reference list, we have collected some sources, which are useful for first
addressing the problem. In [9], the main objectives for the study on the border of biology
and mathematics were discussed. As one of the main problems, the understanding of “the
structure and the dynamics of the complex intercellular web of interactions that contribute
to the structure and function of a living cell” was manifested. In [10], configurations of
networks are discussed, focusing on links and nodes overlapping and considering mostly
physical networks. In [11], the notion of “sensors” is introduced. It is noted that, in
most cases, not all parameters can be treated explicitly, and principles of management of
networks should be invented making use of only a group of available parameters. A notion
of an observable system is invented. An important problem of estimating the internal state
of a system from experimentally available data is discussed. In [12], the controllability of
complex networks is discussed. It starts with the declaration that “the ultimate proof of
our understanding of natural... systems is reflected in our ability to control them”. Let us
mention several remarks. It is noted that “a framework to control complex self-organized
systems is lacking”. It is known that genetic networks in a model are driven by systems
with sparse regulatory matrices W. The authors of [12] have considered this point. They
conclude that “sparse inhomogeneous networks, which emerge in many real complex
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systems, are the most difficult to control”. In many sources, the controllability of a system
is explained as “a dynamical system is controllable if, with a suitable choice of inputs, it
can be driven from any initial state to any desired final state in a finite time”. In our article,
the goal is moderate. We wish to indicate means that will help to redirect a trajectory
from an initial position in the phase space to a desired attractor, which is usually a stable
equilibrium. The book [13] in Part II provides a great amount of information on the topic of
Control of Nonlinear Systems. Several models of Control Design are proposed. Available
methods of Nonlinear Control Design are discussed, as well as Robust and Adaptive
controls, mathematical tools for control, and much more.

When considering genetic systems, the knowledge of the structure of phase space
and the influence of parameters on the phase space structure increase the effectiveness of
mathematical modeling significantly. We suggest that the geometrical approach, based on the
study of isoclines and their locations, is rather natural and may lead to deeply penetrating
into the essence of the problems’ results. We try to illustrate this point by our treatment of
a two-dimensional case. The results for higher dimensional systems need more facts and
examples. In the reference list, however, one can find articles, concerning genetic systems of
orders three, four, six [8,14,15], and even general ones, for arbitrary » [16,17].

We also consider systems of ordinary differential equations, which appear in the neu-
rodynamics theory (we call them ANN systems, from Artificial Neural Networks). These
systems naturally research in parallel to GRN systems, since both types of systems have
many similarities. There are, however, essential differences, such as lacking parameters and
the broader region of action in ANN differential equations, which have a similar structure
and exhibit similar behavior. The parameters and their meaning are different, however.
Therefore, the treatment of ANN model needs special attention. It is to be mentioned that
neural networks are typically not associated directly with differential equations, but with
difference equations or maps.

We focus on problems of control and management of GRN and ANN systems.

In order to become familiar with the topic, the resources [9-13,16-22] are useful.

2. GRN System

The dynamical system of the form

xi = f()_wijxj — 6;)vg — xjvg — 1 1)

is used to model genetic regulatory networks [2,5] and telecommunications networks [4]
as well. This system first appeared in [23]. The function f(z) is a sigmoid function, that
is, monotonically increasing from 0 to 1 as z changes from —oo to 400, having only one

point of inflexion, like the function T sz Vg is a parameter that controls deterministic

1+e
behavior and 7 is stochastic term. We neglect the stochastic term in (1), so # = 0. Neglecting

the stochastic term and assuming v, = 1, 6; = 6 for all i, we can write the dynamical system
in extended form
xp = flwixg + ...+ wipxy — 0) — xq,
xy = f(worx1 + ...+ wapxy —0) — X,

DR ... DR (2)
Xy = f(wnx1 + ...+ WanXy — 0) — xp,
where w;; are entries of the regulatory matrix W.
The equilibrium states can be detected from the system
x1=f(xp+x3+...+x,—90),
xp=f(xp+x3+...+x,—90), 3)

Xp=f(x1+x2+...+x,-1—0).
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The current state of the system is described by the vector x(t). Attractors of systems of
the form (2) were studied in [16,17].

General properties of systems (2) were studied and the results can be found in the
related literature [2,5,21].

Of the most importance to our analysis of these systems are two facts.

The unity cube Q, = {0 < x; <1, i =1,...,n} is an invariant domain for systems of
the form (2). The vector field on the border of Q,, is directed inside. This can be understood
by the inspection of the vector field on the faces of Q. The difference f;(...) — x; is either
positive or negative, depending on the choice of a face of Q.

The second remarkable fact about systems of the form (2) is that their nullclines,
defined by (3), can intersect only within Q,. They do, and at least one equilibrium exists.
The total number of equilibria depends on the dimensionality and parameters of a system,
but it is finite.

3. Description of the State Space for System (2)

To be specific, consider the case example

1

/

X1 = — X

1 1 Jre—y(zullx1+w12xz+...+zulnxn—9) 1

Xh = L x

27 1 4 e m(wnx+wnxat . Fwyxy—0) z 4)
X, = ! x

" + M (Wn1 X1+ WX+ ...+ Wpn X —6) s

which corresponds to the particular choice of f(z) = Heli—w The system state is described by

the vector X (t) = (x1(t),...,x,(t)). Equilibria of the system are to be found from the system

1
X1 = ’
1 4 e—# (Wi +wipXo ... +W1yXn —0)
Xy = ’
1 4 e—# (warx1+wnXxs+... 4wy xn—0) (5)
1
Xy = .
1 + e H (wnlxl +w712x2+-~+wnnxn*9)

Multiple critical points of different nature can occur, depending on the choice of
parameters y and 6 and elements of the regulatory matrix W. Even for n = 2 and simple W,
the number of isolated critical points can be up to nine.

3.1. Attractors

We will denote the attractors of the system (4) A;. Each attractor has its basin of
attraction, denoted B,. Each B; is a subset of the phase space (x1,...,xy). If the current
system state X(t) is in B;, then the system state vector X(t) will tend to B;. Attractors
different of the equilibrium points are also available. Periodic attractors can be constructed
easily. Examples of periodic attractors for 2D, 3D, and 4D GRN systems can be found
in [14], as well as the discussion and related references. Periodic solutions in GRN systems
with steep sigmoid functions were studied in [24]. Chaotic attractors can appear in GRN
systems, but examples are rare.

Attractors can also be distinguished by the property to be “undesired” and “normal”.
In real substances, this may correspond to the disease state of an organism and, respectively,
to the healthy state [7]. Therefore, the problem of driving the system from the undesired
state (that is, in the basin of attraction of some equilibrium) to a normal state arises. This
is the problem of the controllability type that is generally difficult to solve. We propose
the schemes of how to drive the system to a normal state. We will also show how these
schemes work in a particular situation. This particularity is due to the specific regulatory
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matrix W, which corresponds to the case of the cross-activation network. The respective
regulatory matrix is of the form

0 1 1
W= 1 0 ... 1 . ©)
1 1 0

1
, = J—
e 1+ e—# (24 Fx,—0) X1,
x’ = 1 y
2 1+e# (x1+x3+...+x,—0) 2/ (7)
... )
= — Xy.

1 4 e~ # (1t+xo+..+x,1-0)

3.2. Influence of Parameters on the Structure of the Phase Plane of 2D GRN Systems

The general system of ordinary differential equations which is often used to model
genetic networks, in case of the two dimensions (two-element network) is

1
14+eH (w111x1+w12x2_91) - U1X1, o

Xy =

xé — U2X7.

- 1 4 e—H2 (wax1+wyxs—0,)

It is a quasi-linear system, where the nonlinearity is represented by the logistic function
f(z) = 1/(1+ e ##). Parameters u and v are positive. Let us describe the influence of
parameters on the phase plane, and especially on the mutual location of isoclines. Isoclines
are curves, where x/ or x}, are constant. Especially useful are nullclines, which are given by

the relations
0= 1 —U1X
1+ e—ﬂ(w11f1+w12x2—91) 1y )

= — UXp.
0 1 + e—H (warx1+wyxa—63) 02%2
Critical points (alternatively, equilibria) are solutions of the system of two equations (9).
Let us list the properties of the system (8). Some of these properties are evident. Proofs
of other properties are scattered over the related literature, mentioned above.

1. Thereis an invariant set Q; = {0 < x; < 1/v;, i = 1,2} with the following properties:

la  The vector field defined by the system (8) is directed inward on the border of Q5;

1b  The nullclines (9) can intersect only in Qy;

1c  The nullclines intersect at least once. The total number of intersections is finite.
For the 2D case, the maximal number of critical points is nine. For this, both
nullclines have to be Z-shaped;

2. By changing 0;, the nullclines can be shifted; by changing 61, the first nullcline can
be shifted in the vertical direction; by changing 6,, the second nullcline is moved
horizontally, preserving shape;

3. By changing y;, the shapes of the nullclines can be changed; for sufficiently large
values of yi;, the three segments of a sigmoid curve, representing a nullcline, become
almost straight. In this case, the system (8) is almost piece-wise linear; for the study of
the case of piece-wise linear system consult [24];

4. By changing v;, the parallelepiped Q; can be made stretched or compressed; for
v1 = v = 1 Qy, it is a unit square;
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5. Signs of elements of the regulatory matrix
Wy W
W= ( o ) : (10)
Wa1 W2

are of great importance. The typical cases are

5a Activation: wy; > 0, wy > 0, wp; > 0, wip > 0;
5b Inhibition: wy; < 0, wyy <0,
5¢  Mixed: wi1 > 0, wy > 0, wyrwipy < 0;

More on the classification of systems by properties of the regulatory matrices can be
found in [19,25].

Remark 1. The system (8) with the matrix

0 1
w_(1 0), (11)

where a > 0, b > 0 can have one, two, or three critical points. This depends on other parameters.
The case y1 = muy = u, 01 = 0, = theta was studied, and the region Q) was defined in the
(u, 0)-plane, which decomposes the plane with respect to the number of critical points.

Remark 2. The system (8) with the matrix

W= ( fa _k” > (12)

where a > 0, k > 0 can have one stable critical point; then, (under k increasing) a stable periodic
trajectory, and then multiple critical points, of which some are attractive.

Remark 3. The conditions for the system (8) to have a single critical point were obtained in [26]. If
this point is non-attractive (a saddle, or a repelling one), then the system has a limit cycle (through
Andronov—Hopf bifurcation).

3.3. Inhibition Case in 2D GRN Systems
Consider the two-dimensional (2D abbreviated) system of ODE of the form (2)

1
!
xl == - xl,
—p (w111 +wi2x2—67)
/ 1+e 1111 12%2—61 (13)
x2 x2.

T 14 e #(waxitwpx—6)

Look at Figures 1-3. Calculations are performed and pictures are created using
Wolfram Mathematica tools, see Appendix A. Let the regularity matrix in (13) be

0 -1
W= ( 1 0 ) . (14)
This corresponds to the inhibition case. The nullclines (red and black) intersect three
times. The green circle in Figure 1 corresponds to the current state of the 2D system. Due

to the vector field, the current state is in the basin of attraction of the lower critical point,
which is a stable node.
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Figure 2. The phase plane for system (13) with the matrix (14), 1 = pp = 8,61 = 0.1, 0, = —0.5.
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Figure 3. The phase plane for system (13) with the matrix (14), jt; = pp = 8,61 = 0.01, 6, = —0.9.
3.4. Controllability by Changing 0

The goal is to redirect the current trajectory, emanating from the green spot, to the
upper right critical point, which is conventionally the “normal” one. This can be achieved
by manipulating the adjustable parameter . Change 6; from its current value —0.5 to the
value 0.1. This corresponds to the shift of the first nullcline (black one) down. As the result,
only one, the upper left, critical point remains, and their type is not changed. It is a stable
node. The effect of this action is seen in Figure 2. The flow of the vector field will lead
the green spot to the left upper, now unique, critical point, which is identified as “normal”
attractor. The goal is achieved, and the system will go to the right state.

3.5. Controllability by Changing Both 6

It is clear that changing both parameters 6 in (13) will lead to the shifting of both
nullclines. The second nullcline (red one) can move in a horizontal direction. The change of
the parameters 61 and 6, from their current values to the values 0.01 and —0.9, respectively,
will lead to the configuration depicted in Figure 3. The selected trajectory will go to the
desired attractive critical point at the upper-left corner.

Proposition 1. In the case of inhibition (the regulatory matrix is (14)), any of the side critical
points can be made a unique global attractor by appropriate choices of the parameters 6.

4. Driving the System from One State to Another One—ANN Case

Systems of the form

Xll = tanh(u11x1 +apxy +...+ alnxn) — X1,
xh = tanh(a1x1 + 20X + ... + ax,Xu) — X2, (15)
x}, = tanh(a,1x1 + anxy + ... + AupXy) — Xp

arise in the theory of artificial neural networks ([27], Chapter 6). The hyperbolic tangent
function tanhz is a sigmoid function, but its range of values is (—1,1). The invariant
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domain for the system (15) is the open cube G, = {—-1 < x; <1, i = 1,2,...,n}. The
nullclines are defined by the equations

0 = tanh(a1x1 +appxz + ...+ a1,xn) — X1,
0 = tanh(ay1x1 + apxs + ... + a4z x,) — X2, (16)
0 = tanh(a,1x1 + appX2 + ... + AppXn) — Xn

The cross-points of the nullclines are critical points (equilibria). At least one critical
point exists in G, for the n-dimensional system (15). There is much similarity between
GRN systems and ANN systems.

Consider the two-dimensional version of (15)

xi = tanh(a11x1 + {112x2) — X1,
1= (17)
xy = tanh(ax1x1 + axnx2) — X2
The nullclines of the system (17) are defined by the equations
0= tanh(a11x1 + a12x2) — X1, (18)
0 = tanh(ap1x1 + axpxy) — x2

Our goal is to establish the control over the ANN system. This system has less
parameters than the GRN system. The only possibility for the system (17) to be controlled
changing the parameters is to change the entries of the matrix

A= ( ai 412 > (19)

a1 a

We will show that this is possible.
Look at Figures 4 and 5. Let the regularity matrix in (13) be

A:(}}). (20)

1.0§: '\\‘\\s\\\\\

wn
T T T T

0 <\
, \\ i
00 \ i
‘\ 1

\i |
****** : N
-1.0 5 \:§

Figure 4. The phase plane for the system (17) with the matrix (20).
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Figure 5. The phase plane for the system (17) with the matrix (21).

The nullclines (red and black) intersect three times, as seen in Figure 4. Suppose that
the trajectory, corresponding to the current system state, tends to the upper-right critical
point. It is a stable node.

Controllability by Changing an Element of A

The goal is to redirect the current trajectory to the lower-left critical point, which is
also attractive. For this, we can only change some entries of the matrix A. Let the new

matrix be
1 2
A_<1Ol) 1)

Figure 5 shows a new configuration of nullclines. There is a unique critical point of
the type stable node. The trajectory will go to the desired attractor. The goal is achieved.
Consider a more complicated case. Let the coefficients of the system (17) be the entries

of the matrix
31
A= ( 3 6 ) (22)

The nullclines and the vector field are depicted in Figure 6. There are nine critical
points, of which four are attractive. The green spots stand for the initial states of the
system (17). The trajectories starting from these points will go to the stable critical points
at the upper-left and lower-right locations. Let them be conventionally “undesired” ones.
The goal is to redirect them to the attractive critical points at the upper-right and lower-left
positions. This can be achieved by manipulating the elements of the matrix A. Let the
element “6” in (22) be changed to the value “4”. The new matrix is

Az(éi). (23)

The new configuration of nullclines is depicted in Figure 7. The green spots are
(approximately) on the border of the basins of attraction of the desired critical points. When
released, the trajectories will go to the new attractors at the upper-right and/or lower-left
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locations, depending on where they are exactly, in the basin of attraction of the upper
attractor, or in the basin of attraction of the opposite one. The goal is achieved.

Figure 6. The phase plane for the system (17) with the matrix (22), where the green circles denote the
initial states.

\
b3
A
0.5 \ i
w o
o

-1.0

Figure 7. The phase plane for the system (17) with the matrix (23), where the green circles denote the
initial states.
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Proposition 2. The trajectories of the system (17) can be redirected from a given attractive critical
point to another one by changing the elements of the matrix A.

5. Conclusions

Control over GRN systems and ANN systems is possible if by control we mean
changing the properties of a system in the desired direction. In particular, it can be
implemented by manipulating the nullclines. This is easier for GRN systems since they
have more parameters. The most promising and geometrically understandable is changing
the 6 parameters. In ANN systems, the nullclines can be manipulated by the elements of the
matrix A. Knowledge of the basins of attraction is a prerequisite for the implementation of
control. The bistable GRN system of differential equations modeling the activation case or
inhibition case can be driven from one attractor to another using several techniques. First,
elements of the regulatory matrix W can be changed appropriately. Second, the parameter
6 can control this process.

The following quote outlines possible further research in this direction. “Because of
the conceptual similarities between engineering and biological regulatory mechanisms, ...
these tools are now being used to analyze biochemical and genetic networks” [28] (p. 1).
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Appendix A

The models are validated experimentally using Wolfram Mathematica programming.
The code for computing and visualization of examples follows.

all=1;al12=1;a21=1;a22=1;b1=1;b2=1; fi1[x_,y_]:=Tanh[all x+al2 y]-Dbi

x; f2[x_,y_]:=Tanh[a21 x+a22 y]-b2 y;

ContourPlot [{f1[x,y]==0,f2[x,y]==0,x==y, x==1, x==-1, y==1,
==-1},{x,-1.4,1.4},{y,-1.4,1.4},ContourStyle->

{{Thick,Black},{Thick,Red},Dashed, Dashed, Dashed, Dashed,

Dashed},AxesLabel-> {Style[x,15],Stylel[y,15]}]

al1=1;a12=1;a21=5;a22=-5;b1=1;b2=1;

ContourPlot [{f1[x,y]==0,f2[x,y]==0,x==y, x==1, x==-1, y==1,
y==-1},{x,-1.4,1.4},{y,-1.4,1.4},ContourStyle->
{{Thick,Black},{Thick,Red},Dashed, Dashed, Dashed, Dashed,
Dashed},AxesLabel-> {Style[x,15],Stylely,15]1}]

Clear[x,yl;
all=1;al12=2;a21=1;a22=0.1;b1=1;b2=1;\[CapitalThetal 1=0.1;

\ [CapitalTheta]2=0.8;

\[Mul1=1; \[Mul2=1; f1[x_,y_]:=Tanh[\[Mu]l (all x+al2
y-\[CapitalThetal1)]-bl x; f2[x_,y_]:=Tanh[\[Mul2 (a21 x+a22
y-\[CapitalThetal2)]-b2 y;
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nc2=ContourPlot [{f1[x,y]==0,f2[x,y]==0,x==y,x==1, x==-1, y==1,
y==-1},{x,-1.3,1.3},{y,-1.3,1.3},ContourStyle->
{{Thick,Black},{Thick,Red},Dashed,Dashed,Dashed,Dashed,Dashed},
AxesLabel->{Style[x,15],Stylely, 15]1}]

al1=3;al12=1;a21=3;a22=6;b1=1;b2=1; fi1[x_,y_]:=Tanh[all x+al2 y]-Dbl
x; f2[x_,y_]:=Tanh[a21 x+a22 y]-b2 y;

ncl=ContourPlot [{f1[x,y]==0,f2[x,y]==0,x==y, x==1, x==-1, y==1,
y==-1},{x,-1.4,1.4},{y,-1.4,1.4},ContourStyle->
{{Thick,Black},{Thick,Red},Dashed, Dashed, Dashed, Dashed,
Dashed},AxesLabel-> {Style[x,15],Stylely,15]}]

spl=StreamPlot[{ f1[x,y], f2[x,yl}, {x, -1.3, 1.3}, {y, -1.3, 1.3},
Axes -> True, Frame->True, AxesLabel -> {Style["x",Black, FontSize->
16],Style["y",Black,Italic,FontSize-> 16]}, StreamPoints ->40,
StreamStyle-> {Bluel}]

Show[ncl, spil]

al1=3;a12=1;a21=3;a22=4;b1=1;b2=1; f1[x_,y_]:=Tanh[all x+al2 y]-bl
x; f2[x_,y_]:=Tanh[a21 x+a22 y]-b2 y;

nc2=ContourPlot [{f1[x,y]==0,f2[x,y]==0,x==y, x==1, x==-1, y==1,
y==-1},{x,-1.4,1.4},{y,-1.4,1.4},ContourStyle->
{{Thick,Black},{Thick,Red},Dashed, Dashed, Dashed, Dashed,
Dashed},AxesLabel-> {Style[x,15],Stylel[y,15]}]

sp2=StreamPlot [{ f1[x,y], f2[x,yl}, {x, -1.3, 1.3}, {y, -1.3, 1.3},
Axes -> True, Frame->True, AxesLabel -> {Style["x",Black, FontSize->
16] ,Style["y",Black,Italic,FontSize-> 16]}, StreamPoints ->40,
StreamStyle-> {Bluel}]

Show[nc2, sp2]
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Abstract

A dynamical system that arises in the theory of genetic networks, is studied. Attracting sets of a special
kind is the focus of the study. These attractors appear as combinations of attractors of lower dimensions,
which are stable limit cycles. The properties of attractors are studied. Visualizations and examples are
provided.
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1. Introduction

The theory of genetic regulatory networks (GRN in short) is at the core of modern biology. A lot of
information was collected and stored performing the experimental work. The data stored need registration,
classification, and usage for creating theories, managing, and employing them for practical purposes. As a
result of data collection and arrangement, the mathematical models are elaborated, which can be studied
independently. Their correspondence to real phenomena can be checked and the respective corrections can
be made. Fortunately, we have some dynamic mathematical models, that were probated and used, when
formulating aims and hypotheses. Let us mention the works [1], [14], [11], where real genetic networks
were considered concerning the treatment of leukemia. This disease was considered as an abnormality in
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the functioning of a genetic subsystem, which was described mathematically as a 60-dimensional system of
ordinary differential equations. This system has, possibly, rich dynamics, and several attractors, in the form
of stable equilibria, exist. The disease was interpreted as tending the current state of a genetic subsystem to a
“wrong” attractor. The recommendation for (mathematical) treatment of that was to change the adjustable
parameters to redirect the “wrong” trajectory to a normal attractor. This interpretation requires studying
in detail the structure of a genetic network and the reactions of the system to changes in parameters. Since
the problem of the mathematical treatment of so large system is not easy, we wish concentrate on possible
types of attractors, which can cause some periodic processes in GRN subsystems.

2. Periodic solution

For the second order ordinary differential equations (ODE) periodic solutions generate closed trajectories
in the phase plane. Any closed trajectory cannot intersect itself if an equation is autonomous. If another
second order equation is taken, which also has a periodic solution, generating its trajectory, both equations
can be combined into the fourth order system. If equations of harmonic oscillations are taken, namely,

2 +wir =0, ¢ +wiy=0, (1)
and the ratio g—; is the rational number, in a four-dimensional phase space complicated constructions can
emerge. Three the second order equations can be considered thus obtaining 6D-bodies, and so on.

If a general the first order system of ODE is considered, and if it can be decomposed into independent
subsystems, which have periodic solutions, the same phenomenon can be observed. If the resulting n-
dimensional constructions are obtained, and the system of ODE describes some notable processes, the
natural question arises: what is the meaning of these structures, do they bear some important information
about phenomena they are modeling, and how this information can be used to create more constructions,
not necessarily periodic, and what is their meaning.

The situation, just described, can occur, when considering the systems of ODE, written in vectorial form

X' =F(X)-X, (2)

where F(X) = (fi(X),..., fn(X)) with any f; being a sigmoidal function. Sigmoidal functions f;(z) are
monotonically increasing from zero to unity on the entire z-axis and have a single inflection point. One such
function is f(z) = 1/(1+exp(—u(z —0))), where u > 0 and 0 are parameters. The above system then looks
as

dl’l 1

ﬁ - 1 + e—ti(wnzi+wizza+..+winn—01) -

dxg 1

dt - 1 4+ e—H2(w21m1+wooma+...twonzn—02) 2 (3)
dz, 1

E = 1+ ef,un(wn1m1+wn2x2+...+wnnxn7971) — In-

\

This system was used to model gene regulatory networks in a number of papers ([3], [5]), [8], [9]. Different
sigmoidal functions can be used also, for instance, the Hill’s function [14], the Gompertz function [12], which
supposedly model the behavior, organization and evolution of genetic networks. This system was used first
in [15] (see also [6]) to model a population of neurons.

3. System

We consider system (3). It has remarkable properties.

Proposition 3.1. The vector field, defined by the system (3), is directed inward the unit cube Q,, on the
border OQ,.
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Proof. Consider the unit cube @,, = {z € R" : 0 < z < 1}, where the inequalities are understood component-
wise. The oppos1te faces of Q. along the z1-direction are defined by {x1 = 0} (@, and {z; = 1} Qn The
component z}j = — 11 of the vector X' is positive at the hyperplane zj = 0,

1+e— u1(w11T1+W12w2+ Fwipzn—01)
due to positivity of the sigmoidal function f;. On the opposite face z1 = 1, the value of 2} = f; — x1
is negative, due to the value range (0,1) of the sigmoidal function. A similar check can be made in the
directions of all axes x;, i = 2,...,n. O

Proposition 3.2. The system has a critical point inside the domain Q.

Proof. Critical points (also called equilibria) of the system (3) can be defined as solutions of the system

( 1
0= —x
1 + e~ (wnzitwieze+.. +winTn—061) L
1
0= — I2,

1 + e—m2(warz1twreze+...+wonTn—02)

1
0= — Tn.
1 + e_llzn(wn1x1+wn2x2+---+wnn$n_en)

In vectorial form

0=F(X)—-X, or X = F(X). (5)
The mapping M : X — F(X) satisfies the conditions of the Bohl-Brower fixed point theorem with respect
to the domain @, therefore a solution of the system (5) in @), exists. O

Remark 3.3. Notice, that a critical point need not be unique. In what follows, we will construct examples
with multiple critical points.

Proposition 3.4. The necessary and sufficient condition for the system (3) to have a periodic solution, is:
the boundary value problem (2),
X(a) = X(b) (6)

has a solution for some pair a < b.

Proof. Necessity. If a periodic solution X (¢) with the minimal period T" exists, then X (0) = X(7') and the
boundary value problem (2), X (0) = X(7T') has a solution.

Sufficiency. Suppose, the BVP (2), (6) has a solution X (¢). Then the correspondent trajectory in the
phase space R" is closed. By autonomity of the system, the function X (¢ — (b — a)) is also a solution. Its
trajectory at ¢t = b is at the same start point X (a) and goes the same way, as the first trajectory, due to the
uniqueness of a solution of the respective Cauchy problem. Hence X (t) is the periodic solution. O

Remark 3.5. In the above proof (b — a) need not to be the minimal period, and the periodic solution may
be constant (then the trajectory is a point in the phase space).

Proposition 3.6. The system has an attractor in Q.

Proof. This follows from the ‘trapping property’ of the set @,. It is ‘positively invariant’ ([7, Definition
2, page 99]), that is, all trajectories starting at @, stay there for future times. Then there exists ([7]) an
attractor, which is an invariant compact set, attracting trajectories from some neighborhood U. O

Remark 3.7. Simple example of attractors are stable critical points and limit cycles.

4. Attractors

In this section we construct periodic attractors for two and three dimensional systems. Then we show
how these attractors can be used to construct the ones for higher dimensional systems. This approach can
be used without any restrictions on the dimensionality of a network. Afterward zero spaces can be filled
with non-zero elements thus obtaining more and more complicated structures.
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4.1. Attractors for 2D systems

Consider the two-dimensional system

1
/ - J—
e 1+ e‘“l(wnla:1+w12z2_el) T1, -

!
Ty — — X
27 ] 4 e—m2(warmi+wazwa—02) 2

where 1 and pg are positive. It can be studied using the nullclines approach. Let us show how. Let the
regulatory matrix be of the form

k a
and k£ > 0.
Proposition 4.1. Suppose
01 =05(k+a), 62=050b+k). 9)
Then the system
1
/
.’1:1 = - .131,
—p1(kzi+azra—01)
/ 1+e Mt 1 1 2—01 (10)
1'2 - xI9

1 + e—#e(bri+kza—02) o
has the critical point at (0.5,0.5).

Proof. The equalities

1
_ — 0.5,
1+ efﬂl(kf.5+a0.5*91) (11)

05

T 14 e m051k05—02)

hold due to the specific values of 7 and 6. O

Let us detect the type of the critical point (0.5,0.5). For this, linearize the system at this point. One
gets
uy = —uj + prkgrur  +piagius,
b (12)
uy = —up + pobgour  +pskgous.

where
6_‘“1 (k0.5+a0.5—91)

g1 = [1 + e—ra(05+k0.5-01))2 = 1/4,
e*ﬂg(k0.5+a0.5792)
92 = [+ e—H2(b0.5+k05-62)]2 =1/4.
The linear system (12) takes the form
wy = —up +0.25(urkuy  +praus), (13)
uh = —ug + 0.25(ugbuy  +pskus).
The coefficient matrix for (13) is
1 1
sk —1 TG
A= 1K1 1M1 > ) 14
< Tuob  tpok —1 (14)
The characteristic equation det(A — AE) = 0 (E is the unit matrix) takes the form
det(A = AE) = (jpk — (1+ ) (1pu2k — (14 X)) — fgupoab (15)

= (14 X)2 = (3k(p + p2) (1 + X) + ggpapa(k? — ab) = 0.
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The roots of the equation (15) are

1 1 1
A=—1+—k ) k2 — p2)? + — b. 1
+ gl + o) \/64 (p1 = p2)? + Jepapz a (16)

From this we obtain several useful assertions. Denote P = (0.5,0.5).
Proposition 4.2. The necessary condition for the point P to be a focus is ab < 0.

Proposition 4.3. The sufficient conditions for the point P to be a focus are:

1k (1 — p2)? + ppz ab <0,

1t L+ o) 0. )

Proposition 4.4. The sufficient condition for the point P to be a stable focus is

2 _
k< 4min{ , ‘““”b}. (18)
p1+ 2 |p — pel

Proof. Tt can be verified that then the discriminant in (16) is negative and the real parts of A-s in (16) are
also negative. O

Proposition 4.5. The sufficient condition for the point P to be an unstable focus is

—4 b
8 o Thupa

_ (19)
p1+ 2 lp1 — pol

Proof. The right sides in (18) and (19) are supposed to be +oo, if g3 = po. The discriminant in (16) is
negative due to the second part of (19). The first inequality in (19) ensures that the real parts of A-s in (16)
are positive. 0

Remark 4.6. For iy = pp = 4 the condition (19) reduces to 1 < k.

Theorem 4.7. Suppose the system is of the form (10), where k > 0, ab < 0 and 61, 02 are as in (9).
Suppose also that the point P is a single critical point of the type unstable focus.
Then there exists the limit cycle in Qs.

Proof. Consider the nullclines of the system (10). They intersect at the point P only. Generally, they look
(for matrices as in (8)) as shown in Figure 1. Our intent is to consider trajectories that start at one of
the nullclines and define the return map, which will be shown to have a fixed point. The vector field is
clock-wise rotating in a neighborhod of P, since it is a focus. By continuity, it is whirling in the whole Qs.
The nullclines divide the region @2 into four sectors. In each of them, the vector field is rotating clock-wise
with the angular speed separated from zero, if outside of some vicinity of P. No trajectory escapes Q2. This
is a consequence of Proposition 3.1. Consider one of the nullclines. Let it be, for definiteness, the one going
in the horizontal direction, xo = 1+e—u2(bx11+kw2—02) (the red one in Figure 1). Denote N its fragment inside
Q2. The point P belongs to N;. Trajectories, that start at N7 close enough to P, cross N7 after one rotation.
This cross-point is further from P, since the type of P is an unstable focus. Move along N; towards the
upper left cross point, denoted S, with the segment B = {(0,x2) : 0 < x5 < 1} (it is the left border of @Q)2).
Such a point is unique since the vector field cannot be tangent to the border of Q2 by Proposition 3.1. (The
point S is marked by the small black square in Figure 1). Any trajectory starting at Nj rotates, governed
by the vector field in Q9, and returns back to Nj in a finite time (because there is no critical point other
than P). Look at point S. Since it is the end point of Nj, the trajectory starting at S, returns to Nj at
some interior point of Ni. Due to the continuity of the return map, there exists a point on N7, which is a
fixed point of the return map. It corresponds to a closed trajectory. O
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It was observed, that system suffers Andronov-Hopf bifurcation if w1 = wes = k, wiowsy < 0. For £ > 0
small the system has a unique critical point of the type stable focus. It is a single attractor. If k increases,
the real parts of characteristic numbers A; o of a single critical point pass through zero and the type of a
critical point becomes unstable focus. The stable limit cycle emerges and now it is a single attractor of the
system. This transformation was described in the articles [13], [10].

Remark 4.8. There are conditions in [4] for the system

‘?/ = fu(l',y),

Y = gu(z,y) (20)

with a single critical point (xo,yo) at p = uo to suffer the Hopf bifurcation. Let A(uo) be the characteristic
value of (zo,y0). These conditions are: 1) for some po (do not mix with p in our systems) the real part of
Apo) is zero; 2) the imaginary part of N(u) is monotonically increasing in u; 3) the expression a=1/16(frzz+
feyy + Guay + Gyyy) + 1/160(fry(foz + fyy) — Gay(Gue + 9yy) — feaGuee + fyygyy) computed at (xo,Yyo, po) is
negative (w stands for the imaginary part of \).

All three conditions fulfill for our system (10) and for the critical point (0.5,0.5), which is supposed
to be a focus. The last expression, computed analytically in Wolfram Mathematica, is a=k((—0.0625a> —
0.0625k2)p3 + (—0.0625b% — 0.0625k2)ui3), which is negative for p1, ua positive.

Example 4.9. Consider system (10), where, py = pa = 4, ©1 = 0.5(w11 + wi2), O2 = 0.5(wa1 + wa2),
w1 = wog = 2.7, wig = —wo1 = 3. Since the conditions of Theorem 4.7 are fulfilled, limit cycle exists. It is
depicted in Figure 1 together with the nullclines and the vector field.

Figure 1: The limit cycle in system (10), W = {{2.7,3},{-3,2.7}},
H1 = M2 = 4, 91 = 285, 02 = —0.15.

4.2. Attractors for 2D neuronal systems
Consider the system
{ x) = tanh(wi121 + wi2z2) — 21, (21)
xhy, = tanh(wa121 + waaxa) — T2,
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where w;; are parameters. Let the regulatory matrix be of the form

W:(iZ) (22)

and a-b <0, k> 0.
Then the system

z) = tanh(kx1 + axa) — 1, (23)
zh, = tanh(bx + kxg) — 9
has the critical point at (0, 0).
The nullclines are given by the equations
x1 = tanh(kzy + axs), (24)
x9 = tanh(bxy + ko).

There exists at least one critical point. For analysis of critical points, we need the linearized system (24)
for any equilibrium of the form (7, z%). It is

up = —uy +kgiuy  +agiug,
/ (25)
uy = —ug+bgour +kgoua,
where
g1 = sech (kx} 4 ax})?,
g2 = sech (bx} + kx3)2.
The characteristic equation det(A — AF) = 0 takes the form
det(A—AE) = (kg1 — (1 +A)(kga— (1+A)) —abgiga = (26)
=N+ (2= k(g1 + g2))A + (9192(k* — ab) — k(g1 + g2) +1) = 0.
The roots of the equation (26) are
1 1
A= —1+§k(gl +g9) + \/4k2(gl —92)2 + 192 ab. (27)
Example 4.10. Consider system (21), where w11 = way = 2.2, wig = —1.3,we; = 3. There exists the limit

cycle. It is depicted in Figure 2 together with the nullclines and the vector field.

4.8. Attractors for 8D systems

Immense now the above obtained limit cycle (Figure 1) into the 3D space. For this, consider the 3D
system
( 1

/
T = — X
L7 4 e—m(wnzi+wizzstwizas—61) b

1
/
Ty = -z 28
27 | 4 e—n2(wami+wars+wazzs—02) 5 (28)

1

/
Lo = — X
3 1 4 e—#3(wsi1z1+wazza+wszws—0s) 3

\
where the regulatory matrix is

27 0 3
w=|0 1 0 |, (29)
-3 0 27

w1 = s =4, uo = 3, 01 = 2.38, 03 = 0.5, 63 = —0.15. The xs-nullcline is a plane, which corresponds to a
unique root of the equation m = x9. The vector field is orthogonal to xo-nullcline and directed
towards it. The 2D periodic trajectory from Figure 1 appears as a periodic 3D trajectory, which can be
seen in Figure 3. This trajectory serves as a global attractor in Qs.

The resulting 3D limit cycle is depicted in Figure 3.
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0.0

Figure 3: Limit cycle in system (28) with the matrix (29) and several trajectories,
H1 = U3 = 4, Mo = 3, 91 = 285, 02 = 057 93 = —0.15.
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4.4. Attractors for 3D neuronal systems
Immense the above obtained limit cycle (Figure 2) into the 3D space. For this, consider the 3D system

33,1 = tanh(wn:z:l + wioxo + w13$3) — 1,
{L'/2 = tanh(U}lel + wooxo + w23x3) — X9, (30)
zh = tanh(ws; 1 + waaws + w3zxs) — T3,

where the regulatory matrix is

22 -13 0
W = 3 22 0 . (31)
0 0 22
The 2D periodic trajectory from Figure 2 appears as a periodic 3D trajectory, which can be seen in

Figure 4.
The resulting 3D limit cycles are depicted in Figure 4.

Figure 4: The limit cycles in system (30), W =
{{2.2,-1.3,0},{3,2.2,0}, {0,0,2.2} }.

4.5. Attractors for higher order systems
Consider system (3) for n = 5. Let the regulatory matrix be

27 3 0 0 0
327 0 0 0

w=| o o 270 3 |, (32)
0 0 0 1 0
0 0 -3 0 27

and MH1 = U2 = (U3 = U5 = 4, M4 = 3, 01 = 93 = 2.85, 92 = 95 = —0.15, 94 =0.5.

It consists of two independent systems of order 2 and 3. Each of these systems has a limit cycle. The
resulting system of order five has an attractor, which is obtained by combination of two previosly constructed
limit cycles of orders 2 and 3, respectively. Let us call such an attractor periodic attractor.

We claim that the following is true.
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Theorem 4.11. For any dimension n the system (3) can have a periodic attractor.

Proof. Case n = 2. The limit cycle exists under certain conditions, Theorem 4.7.

Case n = 3. The 2D limit cycle, which exists under certain conditions, can be immersed in the three
dimensional space using the special construction described in the previous subsection. It becomes the 3D
limit cycle attracting trajectories in Q2. Other type 3D limit cycles can be found as well [2].

Case n = 4. Take two 2D systems, each possessing a limit cycle. Construct 4D regulatory matrix with
two 2D blocks on the main diagonal. Let T} be the period of the first limit cycle, and 75 similarly. Then, if
111 = jT5, where i and j are arbitrary positive integers, these two limit cycles generate a periodic attractor
for 4D system, composed of two 2D systems.

Case n = 5. Combine 2D system with 3D one, assuming that both have limit cycles of periods 77 and
T5. If positive integers ¢ and j exist such that ¢77 = j73, then a periodic attractor can be constructed for
5D system.

Case n = 6. Two combinations are possible, as 6 = 2 4+ 2 + 2, and then the periods T; should relate as
111 = j15 = mT3, where i, j, m are positive integers. Trivially, t = j=m =1, T} =15 = Tj.

And so on.

An alternative reasoning could be the following. It is possible to have a 2D system with the limit cycle
of period 71 and a 3D system with the period m such that 27 = 7. If n is even, compose big system of
n/2 two-dimensional ones, where all periods are 7;. If n is odd and n > 5, compose big system of (n — 3)/2
two-dimensional ones and one three-dimensional system with the period 7o. O

4.6. Attractors for 4D neuronal systems
Consider the 4D system

x = tanh(wi121 + wi2T2 + Wi3T3 + WiaT4) — T1,
xh, = tanh(wa121 + waaxa + wosrs + waaxs) — X2, (33)
zly = tanh(wz121 + w3aT2 + W33T3 + W34T4) — T3,
o) = tanh(wa1 @1 + waos + W33 + Wa4T4) — T4,
where the regulatory matrix is
22 =13 0 O
3 22 0 0
= . 4
w 0 0 4 -5 (34)
0 0 3 4

It consists of two independent 2D systems, and each have the limit cycle as a 2D attractor. The system (33)
has therefore a 4D period attractor. 3D projections of trajectories tending to this 4D period attractor are
depicted in Figures 5 to 7.

The result of Theorem 4.11 is valid also for n-dimensional systems of the form (33), since there are
examples of 2D and 3D neuronal systems, which have periodic attractors.

5. Example

Consider the system

( drq 1

= —x
dt 1 4+ e~ (wnzitwizes +wiszs+wiazsa—01) L
da}Q 1

= -
dt 1+ e—#2(’LU21901+W222?2+w23$3+w24x4—02) 25 (35)
d.fvg 1

= —x
dt 1 + e—H3(wsi1z1+wsezs+wszws+wssrs—03) 3
d:E4 1

= —x
dt 1+ e—,u4(w41x1+w42x2+w43x3+w44x4—94) 4
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Figure 5: Projection onto the subspace Figure 6: Projection onto the subspace Figure 7: Projection onto the subspace
(z1,22,23) (z1,72,24) (z2,23,24)

with the regulatory matrix

W = ' , (36)

the parameters ) = po = pus = g = 4, 61 = 1.1, 85 = 0.1, 63 = 1.6285, 04 = 0.6285. It is uncoupled. The
first 2D system has the stable periodic solution with the period 7 ~ 7.28. The second one has the periodic
solution with the period m ~ 22.74. So 19 is very close to 371. By small perturbation of the elements 1.2
in the matrix (36) these periods can be made such that the relation 373 = 73 holds exactly. Therefore the
period attractor exists for the 4D system (35).

3D projections of trajectories tending to this 4D period attractor are depicted in Figures 8 to 10.

Figure 8: (x1,x2,z3)-projections of the 4D Figure 9: (x1,z3,z4)-projections of the 4D Figure 10: (
attractor (red) and eleven trajectories (blue) attractor (red) and several trajectories (blue)

T2,x3,T4)-projections of the 4D
attractor (red) and several trajectories (blue)

6. Conclusion

Closed figures can be obtained as attractors for systems of the form (3). They can be constructed
for any dimension. For higher dimensions (greater than five) they can be constructed in multiple ways.
Therefore, a periodic attractor of an arbitrary order can be obtained by combining periodic attractors of
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lower dimensionalities. If it is accepted, that systems (3) describe genetic networks adequately, GRN of any
size allows for periodic processes. The same is true for arbitrary dimensional systems of the form (33).
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Mathematical modelling of gene and neuronal
networks by ordinary differential equations

Diana Ogorelova

Summary. The system of ordinary differential equations that models a type of arti-
ficial networks is considered. The system consists of a sigmoidal function which depends
on linear combinations of the arguments minus the linear part. The linear combinations
of the arguments are described by the regulatory matrix W. For the three-dimensional
cases several types of matrices W are considered and behavior of solutions of the system
is analyzed.

MSC: 34C60, 34D45, 92B20

1 Introduction

In this article, we study Neural Networks, called also Artificial Neural Networks (ANN),
and their mathematical models, using ordinary differential equations. The motivation for
the study of ANN went from the attempts to understand the principles and organization
of the human brain. Understanding came that human brains work differently from digital
computers. Its effectiveness comes from high complexity, nonlinear mode of regulation,
and parallelism of actions. The elements of the human brain were called neurons. These
elements perform calculations still faster than the fastest digital computers. The hu-
man brain is able to perceive information about the environment in the form of images,
and, moreover, it can process the received information needed for interaction with the
environment.

At birth, the human brain has a ready structure for learning, which in familiar terms is
understood as experience. So the neural network is designed to model the way in which the
human brain solves usual problems and performs a particular task. A particular interest in
ANN stems from the fact that an important group of neural networks performs needed to
solve a problem computations through the process of learning. So, following [2], generally,
ANN can be imagined as a parallel distributed processor, consisting of simple processing
units, which is able to gain experiential knowledge and make it available for use.
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Artificial Neural Networks (ANNs) consist of a number of elements which are con-
nected. “Each neuron has a sigmoid transfer function, and a continuous positive and
bounded output activity that evolves according to weighted sums of the activities in the
networks. Neural networks with arbitrary connections are often called recurrent net-
works” [11]. No conditions are imposed to restrict synaptic values. There are two types
of recurrent neural networks: discrete time recurrent neural networks and continuous time
ones. The dynamics of the continuous time recurrent neural network with n units, can be
described by the system of ordinary differential equations (ODE)([4])

z; = —bivi + fi(Saix;) + Li(t), (1)

where z; is the internal state of the i-th unit, b; is the time constant for the ¢-th unit, a;;
are connection weights, I;(t) is the input to the -th unit, and f;(Xa;;x;) is the response
function of the i-th unit. Usually f is taken as a sigmoidal function. There are particular
response functions that are non-negative. For instance, functions f;(z) = (1 + exp(u;(z —
0;))~" were used in [1]. More general cases can be modeled by the system using the
function f;(z) = tanh(a;z — 6;), which takes values in the open interval (—1,1). If the
recurrent neural networks without input are considered, the system

z; = fi(X(aiyz; — 0:)) — biws (2)

can be considered.
The mathematical model using ordinary differential equations, is

( dl’l 1

E - 21 + elanzi+aizze+aizzn—01) —1- blxl’
dl‘Q 1
E - 21 + elaziz1+agrat+awszz, —62) — 1 —bows, (3)
dﬂfg 1
\dt - 21 + elasizi+azwetazzz3—03) — 1= byws,

The same system can be written as ([3])

(d
% = tanh(anxl + @12%2 + A13T3 — 91) - bll’l,
dx
d_tQ = tanh (a1 @1 4 ag2%2 + G323 — 0) — by, (4)
d
\ % = tanh(aglml —|— 329 —f- a33T3 — 93) — bglL‘g,

The elements of this 3D network are called neurons. The connections between them
are synapses (or nerves). There is an algorithm that describes how the impulses are
propagated through the network. In the above model this algorithm is encoded by the

matrix
11 a12 413
W = 921 Q929 Q93 . (5)

a3; asz2 ass
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Each neuron accepts signals from others and produces a single output. The extent to
which the input of neuron i is driven by the output of neuron j is characterized by its
output and synaptic weight a;;. The dynamic evolution leads to attractors of the system
(4) and it was experimentally observed in neural systems. In theoretical modeling the
emphasis is put on the attractors of a system. We wish to study them for the system (4).

Similar systems arise in the theory of genetic regulatory networks. The difference is
that the nonlinearity is represented by a positive valued sigmoidal functions. One of such
systems is

¢ dzy B 1 b
% - 1+ e*ﬂl(0«11-'514’0‘121'24’0«131'71*01) — i,
dl’g 1
E - 1 + e—#2(a21z1+azez2+azszn—02) = baza, (6)
dl’g . 1 b
@t 1 + e—na(asimitasawatazzoz—03) 3%03-

Systems of the form (6) were studied before by many authors. The interested reader may
consult the works ( [5], [6], [7], [9], [10], [13], [14]). Similar systems appear in the theory
of telecommunication networks ([8]).

In this article we study the different dynamic regimes for the system (4) which can be
observed under various conditions. In particular, we first speak about critical points in the
system (4) and evaluate the number of them. Then we focus on periodic regimes, study
their attractiveness for other trajectories. This can be done, under some restrictions,
for systems of relatively high dimensionality. Also the evidences of chaotic behavior are
presented.

2 Preliminary results

2.1 Invariant set
Consider 3D system (4).

Proposition 2.1. System (4) has an invariant set Q3 = {;—11 <z < %, ;—21

-1 1
s < I3 < E}

1
<1’2<E,

Proof. By inspection of the vector field generated by the system (4) on the opposite
faces of the three-dimensional cube Q3. Notice, that the value range for the function tanh
zis (—1,1). O
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2.2 Nullclines

The nullclines for the system are defined by the relations

(
1= tanh(ai1z1 + ai2x2 + a1zzs — 0h),
1

Ty = - tanh(ag 1 + agews + agsrs — 0),
2
T3 = b_ tanh(aglxl + a32T2 + A33T3 — 93)
\ 3
Example 2.2.
Consider the system with the matrix
1 25 0
W=\ -25 1 0
0 0 1

Fig. 2.1.Nullclines for system (4) ( z1 - red, 2 - green, x3 - blue).
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2.3 Ciritical points

The critical points for the system (4)) are the cross points of the nullclines. They can be
found from the system
(

1
T tanh(ay 21 + a1222 + a3zs — 61) =0,
1

1
Ty — — tanh(a21$1 + Q90X + A93T3 — ‘92) =0,

9 by

1
T3 — e tanh(az1z1 + aspxs + aszzs — 03) = 0.
3

\

Proposition 2.2.
All critical points are in the invariant set.

The nullclines are located in the sets {;—11 <r < i, ;—21 < X9 < é, Z—; < a3 < %}
rspectively and these sets intersect by the invariant set (03 only.[]

Proposition 2.3.
At least one critical point exists.

The invariant set ()3 may be considered as a topological ball. Since the vector field on
the border is directed inward, ()3 is mapped into itself continuously. Then there exists a
fixed point of the mapping Q3 to @3, defined by the system (7). O

Remark. The number of critical points may be greater, up to 27, but finite.

Remark. Both assertions 2.3 and 2.3 are valid for the n-dimensional case also.

Example 2.3.
Consider the system (4) with the matrix
1 20
W=1|-210 (10)
0 01

and by = by = by = 1,0, = 0.8,0, = 0.3,03 = 0.2. There is one critical point
(—0.162; 0.399; —0.731).



Fig. 2.2.Nullclines for system (4) ( z1 - red, 2 - green, x3 - blue).

Example 2.4.
Consider example of multiple critical points and the system (4) with the matrix
1.5 2 0
W=| -2 15 0 (11)
0 0 15

and bl = b2 = b3 = 1,91 = 07, 92 = 0.3,93 = 0.01.

-1.071 90

Fig. 2.3.Nullclines for system (4) ( z; - red, o - green, x3 - blue).

There are three critical points (—0.067; 0.367; 0.854), (—0.067; 0.367; 0.020) and
(—0.067; 0.367; —0.863).
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2.4 Linearization at a critical point
The linearized system for any critical point (x}, 3, 2%) is

/
Uyq

!
U

2
!
Us

= —biu; + a11g1u1 + a12g1U2 + ai3gius,
= —bouy + a21gou1 + 229U + G23G2Us3,
= —bsug + as1g3u1 + asegsus + assgsus,

where
46—2((1111’T+a1250§ +aizz;—01)

h = [1 + 672(a11x’1‘+a12m§+a13x§791)]2’

46—2((12196{-%(122503 +azzz;—02)

92 = [1 + 6*2(a213¢’{+a22$§+a23$§*92)]2’

e 2(az1z]+az235+azzws —03)

g3 = [1 + 672(a31x’1‘+a32m§+a33:p§793)]2'

One has
aigr — by — A 1291 1391
A—-)N = a2192 a2292 — by — A (2392

3193 3293 aszgz — bz — A

and the characteristic equation for by = by = b3 =1 is

det|A — ANI| = —A® + (a1191 + 2092 + assgs) A*+
+[9192(a12a21 - a11a22) + 9193(013031 - @11@33)‘1‘
+9293(a23a32 — aass)| A+

+919293(a11a20a33 + a12a23a31 + Q13021032 —
—Q711023032 — A12021G033 — a13a22a31) =0,

where A = \ + 1.

3 Inhibition-activation
Consider the system

/
T = tanh(algxz + a13x3 — 01) — I1,
/
Ty = tanh(aglxl + A923L3 — 92) — T,
;C; = tanh(aglxl + a32T9 — 93) — L3

where a9, a13, asz are negative, asy, asy, ass are positive.
We consider the specific case

0 -1 -1
W=|1 0 -1
1 1 O

0, = 0, = 03 = 0. The system then has a single critical point. Introduce

(12)

(13)

(14)

(15)

(16)

(17)

(19)
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where
4672(7x2713 79)

N= T et
Lo—2(@1—3—6)

2= a0
Ap—2a1+z2-0)

93 = [1 4 e—2(@+a2—0)]2"

Values of g; are in the range (0,1). The linearized system now is

u

/
1 = —U1 — gi1u2 — g1us,
/

Uy = —Ug + goU — gaus,
!

Uy = —Uug + g3uy + gsuz,

The characteristic equation can be obtained from

=X - g
A— M = g —1—=A —3>
93 g3 —1—=A

and

det|A — M| = =23 = 3)\2 + (9192 + G193 + 9293 — 3)A

+(9192 + 9193 + 9293 — 1) = 0.
The characteristic numbers are
A= —1,

Ay = =1 =192 + 9193 + 9293 1,
A3 = —1+ V192 + 9193 + G205 i

(21)

(22)

(23)

(24)

(25)

(26)

Proposition 3.1. A critical point of the system (18) under the above conditions
is 3D-focus, that is, the following is true: there is 2D-subspace with a stable focus and

attraction in the remaining dimension.

4 Systems with stable periodic solutions. Andronov

- Hopf type bifurcations.

4.1 2D case
We first study the second order system
dl’l
E = tanh(kxl —+ bl’z — 91) - blscl,
d
% = tanh(azy + kxe — 0) — voxs,

where b = —a = 2, and k > 0 is the parameter.

(27)



41

Choose k£ small enough, so that a unique critical point be a stable focus. Then increase
k until the stable focus turns to unstable one. Then the limit cycle emerges, surrounding
the critical point. This is called Andronov - Hopf bifurcation for 2D systems.

Example 4.1.
Consider the system (27) with the matrix

Fig. 4.1.Nullclines and vector feld for system (27) ( z; - blue, z3 - red).

There is one critical point the stable focus.
If choose k the stable focus turns to unstable one. Then the limit cycle emerges,
surrounding the critical point.

Example 4.2.
Consider the system (27) with the matrix

w- (1) (29)

and k = 1.2,b1 = bg = ]_,91 = 0.2,62 = 0.4.



Fig. 4.2.The limit cycle in system (27) ( z1 - blue, z3 - red).

4.2 3D case

Consider now the 3D system with the matrix

k0 b
W = 0 99 0 (30)
a 0 k

where a, b, k are as in 2D system (27). The second nullcline is defined by the relation

1
To = b_ tanh(a22x2 — 02) (31)
2

Choose the parameters so that the equation (31) has three roots. Then the second nullcline
is a union of three parallel planes.

Example 4.3.

Consider picture of nullclines. There are three periodic solutions in system (31)) with
the matrix

15 0 2
w=[ 0 27 0 (32)
—2 0 15

and b1 = b2 = b3 = 1,&1 = 0.2,92 = 0,‘93 = 0.3.



-1.010

Fig. 4.4. Three periodic solutions of the system (31) with the regulatory matrix (32).

5 Conclusions

The behavior of solutions of systems of the form (3) strongly depends on the structure of
weight matrix W. Any system (3)) has at least one critical point in the region D = (;—11, %) X
(;—21, é) X (2—31, %) No trajectory of the system (3)) can escape this region. Multiple critical
points are possible. Stable nodes, stable and unstable 3D-focuses and saddle points can
occur. Systems with a triangular matrix W cannot have focuses. Inhibition-activation
systems of Section 3| have a critical point that is a focus. The coefficient conditions are
possible for a critical point to be a focus. No attracting critical points may exist in D.
The trajectories tend then to a pattern of regular form. No chaotic behavior was observed

yet.

Acknowledgements ESF Project No.8.2.2.0/20/1/003 ” Strengthening of Profes-
sional Competence of Daugavpils University Academic Personnel of Strategic Specializa-
tion Branches 3rd Call”.



44

References

1]

[12]

[13]

[14]

A. Das, A.B. Roy, Pritha Das. Chaos in a three dimensional neural network. Applied
Mathematical Modelling 24 (2000) 511-522.

S. Haykin. Neural networks. A comprehensive foundation. Prentice Hall, 2nd edition,
reprint from 1999.

J.C. Sprott. Elegant Chaos. World Scienti-c, Singapore, 2010.

K. Funahashi, K. and Y. Nakamura, Y. (1993). Approximation of dynamical systems
by continuous time recurrent neural networks, Neural Networks 6, pp. 801-806, 1993.

T. Schlitt. Approaches to Modeling Gene Regulatory Networks: A Gentle Intro-
duction. In: Silico Systems Biology. Methods in Molecular Biology (Methods and
Protocols), Humana Press, vol. 1021 (2013),13-35,d0i:10.1007/978-1-62703-450-0

Wilson HR, Cowan JD. Excitatory and inhibitory interactions in localized popula-
tions of model neurons. Biophys J., vol 12 (1), 1972, pp. 1-24.

Furusawa C, Kaneko K (2008), A generic mechanism for adap-
tive growth rate regulation. PLoS Comput Biol 4, 1, e3. 0035-0042.
https://doi.org/10.1371/journal.pcbi.0040003. [Google Scholar]

Koizumi Y. et al. Adaptive Virtual Network Topology Control Based on Attrac-
tor Selection. Journal of Lightwave Technology. 2010; 28 (11): 1720-1731. DOLI:
10.1109/JLT.2010.2048412

E. Brokan and F. Zh. Sadyrbaev. On attractors in gene regulatory systems, AIP
Conference Proceedings 1809, 020010 (2017): Proc. of the 6th International Advances
In Applied Physics And Materials Science Congress & Exhibition (APMAS 2016),
1-3 June 2016, Istanbul, Turkey,; doi: 10.1063/1.4975425

E. Brokan and F. Sadyrbaev, Attraction in n-dimensional differential systems from
network regulation theory, em Mathematical Methods in the Applied Sciences 41,
2018, Issue 17, 7498-7509 https://doi.org/10.1002/mma.5086

F. Chapeau-Blondeau and G. Chauvet. Stable, Oscillatory, and Chaotic Regimes in
the Dynamics of Small Neural Networks with Delay. Neural Networks, Vol. 5, pp.
735-743, 1992.

F. Sadyrbaev, D. Ogorelova, I. Samuilik. A nullclines approach to the study of 2D
artificial network. Contemporary mathematics, 2019.

H. D. Jong. Modeling and Simulation of Genetic Regulatory Systems: A Literature
Review, J. Comput Biol. 2002;9(1):67-103, DOI: 10.1089/10665270252833208

Le-Zhi Wang, Ri-Qi Su, Zi-Gang Huang, Xiao Wang, Wen-Xu Wang, Celso Grebogi
and Ying-Cheng Lai, A geometrical approach to control and controllability of nonlin-

ear dynamical networks. Nature Communications, Volume 7, Article number: 11323
(2016), DOI: 10.1038 /ncomms11323



45

D. Ogorelova. Génu un neironu tiklu matematiska modelesana ar parastiem
diferencialvienadojumiem.
Anotacija. Tiek aplukota parasto diferencialvienadojumu sistema, kas modele maksligo
tiklu veidu. Sistema sastav no sigmoidalas funkcijas, kas ir atkariga no linearam argu-
mentu kombinacijam minus lineara dala. Argumentu linearas kombinacijas ir aprakstitas
ar regulejoso matricu W. Trisdimensiju gadijumiem tiek aplikoti vairaki matricu veidi W
un analizeta sistémas risinajumu uzvedi ba.

. OropesnoBa. MaremaTudeckoe MOAEJIMPOBAHWE TEHHBIX U HENPOHHBIX
cereit 00bIKHOBEHHbIME AudPEPEHINATBHBIMI yPABHEHUIMHA.
Annoramusa. Paccmorpena cucrema OOBIKHOBEHHBIX M depeHInaIbHbBIX yPaBHEHUH,
MOJIETUPYIOIIAS PA3HOBUIHOCTb HCKYCCTBEHHBIX ceTeil. CucTeMa COCTOUT U3 CUTMOU,TIATBHOM
dYyHKIMHU, KOTOPAst 3aBUCUT OT JIMHEHHBIX KOMOMHAIIMI apI'yMEHTOB 32 BbIYeTOM JIMHEITHO
qacTu. JIuHeiiHbIe KOMOMHAIINN aPTyMEHTOB OMUCHIBAIOTCs peryupyomeii marputeit W.
JI st TpeXMEepHBIX CIyYaeB PACCMOTPEHO HECKOJIBKO THITIOB MATPHUIL W u TpoaHaAIM3npOBAHO
MOBEJIEHUE PEIeHUil CUCTEMBI.

Daugavpils University Received 11.12.2023.
Daugavpils, Vienibas str. 13
diana.ogorelovaQdu.lv
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Abstract: In the theory of gene networks, the mathematical apparatus that uses dynamical systems
is fruitfully used. The same is true for the theory of neural networks. In both cases, the purpose
of the simulation is to study the properties of phase space, as well as the types and the properties
of attractors. The paper compares both models, notes their similarities and considers a number of
illustrative examples. A local analysis is carried out in the vicinity of critical points and the necessary
formulas are derived.
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1. Introduction

In this article, we study Neural Networks, called also Artificial Neural Networks
(ANN), and their mathematical models, using ordinary differential equations. The mo-
tivation for the study of ANNs came from attempts to understand the principles and
organization of the human brain. Understanding came that human brains work differ-
ently from digital computers. Their effectiveness comes from high complexity, nonlinear
modes of regulation, and parallelism of actions. The elements of the human brain were
called neurons.

These elements still perform calculations faster than the fastest digital computers.
The human brain is able to perceive information about the environment in the form of
images and, moreover, it can process the received information needed for interaction with
the environment.

At birth, the human brain has a ready structure for learning which, in familiar terms,
is understood as experience. So, the neural network is designed to model the way in which
the human brain solves usual problems and performs a particular task. A particular interest
in ANN stems from the fact that an important group of neural networks is needed to
solve a problem computations through the process of learning. So, following [1], an ANN
can generally be imagined as a parallel distributed processor, consisting of separate units,
which is able to analyze experimental data and prepare them for use.

Many natural processes involve networks of elements that affect each other following
a general pattern of conditions and the updating rules for any elements. Both genomic
networks and neuronal networks are of this kind. In mathematical models of networks of
both types, the regulatory effect of one element to the outputs of other elements is defined
by a weight matrix. Therefore, the models describing the evolution of these networks
have a lot in common. But, there are also differences. This paper compares models using
systems of ordinary differential equations. To distinguish between these systems, we
use the designations GRN system and ANN system. At the same time, we realize that
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the term ANN system has too general a meaning. An ANN system in the established
sense is understood as a network that operates according to certain rules and is focused
on performing certain tasks. At the same time, the networks undergo training and thus
improve their qualities. This article looks at neural networks from a different point of
view. We are interested in the behavior of systems of both types for different forms of
interaction of elements. The structure of both systems assumes the presence of attractors
that determine future states. The description and comparison of possible attractors for the
systems of both types is our result.

ANNS’s are made up of many interconnected elements. Weighted signals from different
elements are received by a separate element and processed. A positive signal is understood
as an excitatory connection, while negative one means an inhibitory connection. The
received signals are linearly summed and modified by a nonlinear sigmoidal function
which is called an activation one. The activation function controls the amplitude of an
output. “Each neuron has a sigmoid transfer function, and a continuous positive and
bounded output activity that evolves according to weighted sums of the activities in
the networks. Neural networks with arbitrary connections are often called recurrent
networks” [2]. The dynamics of the continuous time recurrent neural network with 7 units,
can be described by the system of ordinary differential equations (ODE) ([3])

= by ilZag) + (), v

where x; is the internal state of the i-th unit, b; is the time constant for the i-th unit, a;; are
connection weights, I;(t) is the input to the i-th unit, and f;(Xa;;x;) is the response function
of the i-th unit. Usually, f is taken as a sigmoidal function. There are particular response
functions that are non-negative. For instance, functions f;(z) = (1 + exp(u;(z — 6;)) !
were used in [4]. More general cases can be modeled by the system using the function
fi(z) = tanh(a;z — 6;), which takes values in the open interval (—1,1). If the recurrent
neural networks without input are considered, the system

xi = fi(E(aixj — 6;)) — bix; 2)

can be considered.

Applications of Artificial Neural Networks are multiple. They can be used in dif-
ferent fields. These fields can be categorized as function approximations, including time
series prediction and modeling; pattern and sequence recognition, novelty detection and
sequential decision making; and data processing, including filtering and clustering. For
applications in Machine Learning (ML), Deep Learning and related problems, consult the
review article [5]. For neuroscience applications and their relation to ML, and machine
learning using biologically realistic models of neurons to carry out the computation, con-
sider the review [6]. The problems of pattern recognition by ANNSs, including applications
in manufacturing industries, were studied and analyzed in the review paper [7]. In the
paper [8], the ANN approach is applied for the study of a genetic system.

In this article, we mainly study properties of the mathematical model of a three-
dimensional ANN, but part of our results will refer to two-dimensional or, more generally,
to n-dimensional networks. In particular, we provide information on the types of possible
attractors, and their birth and evolution under changes in multiple parameters. The
asymptotic properties of the system are important for prediction of future states. This, in
turn, can provide instruments for control and management of the modeling network. We
use analytical tools for the study of the phase space and its elements. A set of formulas is
obtained for the local analysis near equilibria. The necessary data for the analysis were
collected by conducting computational experiments and constructing several examples. A
broader study involves examining the model and interpreting the findings for the actual
process being modeled. Examples of this approach are the works [9,10].

Let us describe the structure of the paper. The Problem formulation section provides
the necessary material for the study. The Preliminary results section describes some basic
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properties of the main systems of ordinary differential equations. It deals also with technical
details concerning nullclines, critical points, local analysis by linearization, and some special
cases. The next two sections concern some particular but important cases. The systems
possessing critical points of the type focus, and systems exhibiting the inhibition-activation
behavior, are treated. Both types of systems can have periodic solutions, and that means
that cyclic processes can occur in the modeled network. The system of the special triangular
structure is analyzed in Section 6. It is convenient for analysis and the main conclusions can
be transferred to systems of arbitrary dimensions. The process of birth of stable periodic
trajectories from stable critical points of the type focus is considered in Section 7. The
mechanism of the Andronov-Hopf bifurcation is illustrated for two-dimensional and three-
dimensional neuronal systems. As a by-product, an example of a 3D system that has three
limit cycles is constructed. Some suggestions on the management of neuronal systems are
provided in Section 7. The possibility of effectively changing the properties of the system,
and therefore to partially controlling the network in question, is emphasized. The last
section summarizes the results obtained so far, and outlines further studies in this direction.

2. Problem Formulation

The mathematical model using ordinary differential equations, is

dxl 1

W B 21 + eiZ(QHxl+ﬂ]2X2+H13X379]) - 1 - b1x1/

de 1

W B 21 + 8*2(021361 “+aypxytawyzxz—6;) —1—"byxy, (3)
dX3 1

dt 21 + e—2(az1x1+a3x2+a33%3—63) —1—baxs.

The same system can be written as ([11])

dx

7; = tanh(ay1x1 + a1pxp + a13x3 — 01) — bixy,

X2 _ tanh 6,) — b (4)
P (a21x1 + axxy + axpxz — 62) — baxy,

dX3

g;zmﬂwﬁﬁ+%ﬂﬁﬂwm—%%ﬁﬂ&

since
1 1—e = e —1

2 = = —tanh(—z) = tanh(z).

- 1= _
1 + e*ZZ 1 + e*ZZ 6722 + 1
The elements of this 3D network are called neurons. The connections between them are

synapses (or nerves). There is an algorithm that describes how the impulses are propagated
through the network. In the above model, this algorithm is encoded by the matrix

a1 a4z 413
W=\ axn axn a3 |. 5)
az; 4aszy 4as3

Each neuron accepts signals from others and produces a single output. The extent to
which the input of neuron i is driven by the output of neuron j is characterized by its output
and synaptic weight 4;;. The dynamic evolution leads to attractors of the system (4), and it
was experimentally observed in neural systems. In theoretical modeling, the emphasis is
put on the attractors of a system. We wish to study them for System (4).



Axioms 2024, 13, 61 4o0f16

Similar systems arise in the theory of genetic regulatory networks. The difference is
that the nonlinearity is represented by a positive valued sigmoidal functions. One of such

systems is

dx1 1

- = —bixy,

dt 1 4 e~ (anx1+apxo+ar3x3—061)

dxz 1

dt 1+ e H2(exi+anx+a3x3—6;) 2% ©)
dX3 1
—_— = — b3X3.

dt 1 4 e—#3(az1x1+azxr+a33x3—03)

Notice that System (3), and therefore also System (4), can be obtained from System (6),
where y; = 2,i = 1,2,3, by two arithmetic operations, namely multiplication of the
nonlinearity in (6) by 2 and subtracting 1. This changes the range of values in (3) to (—1,1).

Systems of the form (6) were studied before by many authors. The interested reader
may consult the works ([12-20]). Similar systems appear in the theory of telecommunication
networks ([21]).

In this article, we study the different dynamic regimes for System (4) which can be
observed under various conditions. In particular, we first speak about critical points in
System (4) and evaluate the number of them. Then, we focus on periodic regimes, study
their attractiveness for other trajectories. This can be performed, under some restrictions,
for systems of relatively high dimensionality. Also, the evidences of chaotic behavior
are presented.

3. Preliminary Results
This section contains the description of basic properties of systems under consideration,
and provides information about nullclines, critical points, and their role in the study:.

3.1. Invariant Set
Consider the 3D system (4).

Proposition 1. System (4) has an invariant set Q3 = {—1/by < x1 < 1/by, =1/b, < x3 <
1/by, —1/b3 < x3 < 1/b3}.

Proof. By inspection of the vector field generated by System (4) on the opposite faces of the
three-dimensional cube Q3. Notice, that the value range for the function tanh zis (—1,1). O

3.2. Nullclines

The nullclines for the system are defined by the relations

1
x| = a tanh(aqy1x1 + a12x2 + a13x3 — 61),

1
Xy = E tanh(a21x1 + axXy + ax3x3 — 92), (7)

1
X3 = g tanh(a31x1 + azpXo + aszx3z — 93).

Example 1. Consider the system with the matrix

12 15 0
W=| -15 12 0 (8)
0o 0 12

andbl :b2:b3:1,91 :9220.5,93 =1.
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The three nullclines for system (4) with matrix (8) are depicted in Figure 1.

R
RN

Figure 1. The nullclines for System (4) with Matrix (8) ( x;—red, x,—green, x3—blue).

3.3. Critical Points

The critical points, which are also called the equilibria, can be obtained from System (4).
Geometrically, they are the cross points of the nullclines. The nullclines are defined by
the relations

1
X1 — E tanh(a11x1 + a1pXx2 + aizxz — 91) =0,

1
xp — -— tanh(ayx1 + anxy + apx3 — 62) =0,

by )

1
X tanh (a3 x1 + asxx2 + azzxz — 63) = 0.

Proposition 2. All critical points are in the invariant set.

The nullclines are located in the sets {—1/b; < x1 < 1/by, —1/by < x3 < 1/by,
—1/bs < x3 < 1/bs}, respectively, and these sets intersect by the invariant set Q3 only.

Proposition 3. At least one critical point exists.

The invariant set Q3 may be considered as a topological ball. Since the vector field
on the border is directed inward, Q3 is mapped into itself continuously. The continuous
contraction mapping Qs to Q3 has a fixed point. Any fixed point is a solution of the
system (7).

Remark 1. The number of critical points may be greater, up to 27, but finite.

Remark 2. Both assertions 2 and 3 are valid for the n-dimensional case also.

Example 2. Consider System (4) with the matrix

12 2 0
W=| -2 12 0 (10)
0 0 12

and by = by = b3 = 1,01 = 0.7,0, = 0.3,03 = 0.25. There is one critical point (—0.122; 0.362;
0.640).
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The three nullclines for system (4) with matrix (10) are depicted in Figure 2.

\/

“i0 o5 00 05 10
x2

Figure 2. The nullclines for system (4) ( x;—red, x,—green, x3—blue) with Matrix (10).

Example 3. Consider example of multiple critical points and the system (4) with the matrix

12 2 0
W=| -2 12 0 (11)
0 0 12

and bl = bz = b3 =1, 91 =0.7, 92 =0.3, 93 = 0.01.

The three nullclines for system (4) with matrix (11) are depicted in Figure 3.

-1.0_ . X2
0.0

0.5

Figure 3. The nullclines for System (4) ( x;—red, xp—green, x3—blue) with Matrix (11).

There are three critical points (—0.122; 0.362; 0.640), (—0.122; 0.362; 0.050) and (—0.122;
0.362; —0.675).

3.4. Linearization at a Critical Point

Let (x], x5, x}) be a critical point. The linearization around it is given by the system

!/

uy = —buy + ayg1ur + apg1us + a13g1u3,
!/

Uy = —bouy + ax1gouy + axngouy + ax3gous, (12)
!/

uy = —bzuz + az1g3u1 + azpg3us + a3zg3us,

where
46—2(111le +1112X; +u13x§ —91)

17 [1 + e~ 2anx] +ax; +a13x; _91)]21 (13)
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4672(ﬂ21 XT +a22x§ +L123X§ 792)

82 = [1 +672(a21x1‘+a22x2*+a23x§792)]2’ (14)
4672(11313(’{+a32x§+a33x§793)
8= [1 _|_e—2(a31x{+a32x2*+a33x§—93)]2' (15)
One has
a1181 — by —A 11281 41381
A—Al = 12182 a8 — by — A a2382 (16)
3193 a3283 a3383 — bz — A

and the characteristic equation for by = by = b3 = 11is

det|A - )\I| = —A3 + (allgl —+ 82 + ﬂ33g3)/\2

+[g1g2(ﬂ121121 - 1111022) + 31g3(11131131 - ﬂ111133)

+8283(a23a32 — axpa33)|A (17)
+818283(a11a22033 + A12a23a31 + 13421432

—a11a23a32 — 412421433 — ﬂl3ﬂ221131) =0,

where A = A + 1.

3.5. Regulatory Matrices With Zero Diagonal Elements

Set a17 = ax = azz = 0. The regulatory matrix is

0 a1 a3
W= | a1 0 oaxp (18)
a3 azx 0

and the system of differential equations takes the form

xi = tanh(a12x2 + ai3x3 — 91) - X1,
xé = tanh(ap1x1 + a3x3 — 62) — X2, (19)
xg = tanh(a31x1 + asxp — 03) — x3.

Let (x], x5, x3) be a critical point. The respective linearized system around it is
= —up +a181Uz + A138143,

Uy
!/
Uy = —up + A oty + a382u3, (20)
/
Uz = —uz +az183u1 + aspg3uz,

where g1, $2, g3, given in (13) to (15), are computed assuming that the regulatory matrix
is (18). The characteristic equation for A = A + 1 takes the form

—A3+BA+C=0, (21)
where
B = g182(a12a21) + §183(a13a31) + §283(a23a32), (22)
C = s18283(a12a23a31 + a13a21032). (23)
Equation (21) has the form
v +py+q=0. (24)

Recall the Cardano formulas for Equation (24). This equation has complex roots if

o= (54 (9 ®
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is positive. The complex roots can be obtained as
a+b . V3
y2,3 = —Tﬁ:l(a_b)T, (26)
where q ) q )
‘1:(—§+\/§)§/ b:(—i—\/@)3
are real cubic roots satisfying a - b = —§. The real root of Equation (24)isy; = a + b.
Example 4. Consider System (19) with the matrix
0 12 2
W=| -2 0 12 (27)
01 01 0

and bl = b2 = b3 =1, 91 = 0.3,92 =0.3, 93 = 0.01.

The three nullclines for system (19) with matrix (53) are depicted in Figure 4.

1.0 : X2

Figure 4. The nullclines for System (19) ( x;—red, x,—green, x3—blue) with Matrix (53).

There is a single critical point (—0.496; 0.311; —0.308). The characteristic numbers
obtained by the linearization process are A} = —1.125,A;3 = —0.937 £ 1.178i.

4. Focus Type Critical Points

Consider again Equation (21). In our notation,

0§+ (" e

Suppose that Q > 0. Let (x], x5, x3) be a critical point in question. The associated
characteristic numbers A are

)L1:—1+(ﬂ+b),

a+bii(u—b)§, (29)

Ayz=—1—

where

= (3+vQ)" v=(5-vQ) o
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are the real values of cubic roots, and Q is given by (28). We will call such a critical point 3D-

focus. It is unstable if the real part —1 — % is positive. We arrive at the following assertion.

Proposition 4. Let (x, x3,x3) be a critical point of the system (19). Suppose that
(> () &
Then, Q > 0 and this critical point is a 3D-focus.
Proof. Follows from (28) to (30). O
Corollary 1. Suppose the condition B < 0 holds for a critical point. Then, this point is a 3D-focus.
Proof. The relation (31) is fulfilled if B < 0. O

Proposition 5. Suppose (x7,x3,x3) is a critical point of type focus of the system (19). This point
is an unstable focus if the condition —1 — %b > 0 holds.

Proof. Follows from (29), since then the real part of A3 in (29) is positive. O
Example 5. Consider System (19) with the matrix
0 15 3
W=|[| -3 0 15 (32)
3 01 0

and bl = bz = b3 =1, 91 = 0.6,92 = 0.3, 93 =0.1.
The three nullclines for system (19) with matrix (32) are depicted in Figure 5.

Figure 5. The nullclines for System (19) ( x;—red, x,—green, x3—blue).

The system has three critical points: p1, p» and p3 at (0.790; —0.836;0.975), (0.176; —0.248;
0.384) and (—0.982;0.819; —0.995). The characteristic numbers A are given in Table 1.
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Table 1. The characteristic numbers A.

- Al AZ /\‘3

P1 —0.9268 —1.0366 — 0.6101 i —1.0366 +0.6101 i
P2 1.1972 —2.0986 — 0.8406 i —2.0986 + 0.8406 i
p3 —0.9821 —1.0090 — 0.2189 i —1.0090 + 0.2189 i

5. Inhibition-Activation

Consider the system

x| = tanh(aipx; + a13x3 — 61) — x1,

xp = tanh(a1x + az3x3 — 62) — X2, (33)
xé = tanh(a31x1 —+ azpxy — 93) — X3,
where a1, a13, a3 are negative, a,1, 431, az; are positive.
Let the regulatory matrix be
0 -1 -1
w=|1 0 -1 |, (34)
1 1 0
and 0 = 6, = 63 = 6. There is a single critical point. Introduce
48—2(—x2—x3—9)
gl o [1 +e—2(—X2—X3—9)]2’ (35)
4672(X17X379)
g2 - [1 + 6—2(x1—x3—9)]2' (36)
4e—2(x1+x2—0)
8= [1 + 672(x1+x279)]2' (37)
The range of values of g; is the interval (0, 1). The linearized system is
Uy = —uy — g1ty — g1U3,
Uy = —iy + gouly — goul3, (38)
uy = —uz + gsu1 + g3,
One can obtain the matrix
-1-A  —-g —81
A— Al = g2 -1-A —&2 (39)
83 g3 -1-A
and the characteristic equation
det|A — AI| = =A% = 3A% + (8182 + 183 + 8283 — 3)A (40)
+(8182 + 8183 + 8283 —1) = 0.
The roots of the characteristic equation are
/\1 = _1/
A= —1— /182 + 8183 + $283 1, (41)

Az = -1+ \/glgz + 9193 + $283 1.

Summing up, we arrive at the following assertion.
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Proposition 6. A critical point of System (33) under the above conditions is 3D-focus; that is,
the following is true: there is 2D-subspace with a stable focus and attraction in the remaining
dimension.

6. The Case of Triangular Regulatory Matrix

We consider the special case of the regulatory matrix being in triangular form,

anl a1 ... Aip
W= 0 azy ... don ) (42)
0 0 ... au

Since the presentation for the general case differs little from the three-dimensional
case, let us consider the n-dimensional variant. The system of differential equations takes
the form

x] = tanh(ay1x1 4+ a1pxp + ... + a1, — 61) — x1,

Xé = tanh( A X) + ... + Ay Xy — 92) — X, (43)
x; = tanh( ApnXn — Gn) — Xn,
where n > 1. Suppose that the coefficients a;; take values in the interval (0;1].
6.1. Critical Points
The critical points of System (43) can be determined from
x1 = tanh(ay1x1 + appxo + ... + a1,x, — 01),
Xy = tanh( apXp + ... + agpxy — 6), (44)
Xp = tal’lh( AunXn — 9”)'

Since the right sides in (44) are less than unity in modulus, all critical points locate in
(=1;1) x (—=1;1) x ... x (=1;1). Due to sigmoidal character of the function tanh z, the last
equation in (44) may have one , two or three roots.

Proposition 7. There are, at most, three values for x,, in System (44).
Proposition 8. At most, 3" critical points are possible in System (43).

Proof. The last equation in (44) may have, at most, three roots, due to the S-shape of the
graph to a sigmoidal function on the right side. Consequently, the penultimate equation in
(44) may have, at most, 3 x 3 roots x,_1. In total, there are nine roots. Proceeding in this
way, we obtain, at most, 3" roots for the very first equation in (44), and therefore, at most
3" critical points for System (43). Hence, the proof. [

6.2. Linearized System

The linearized system is

/

Uy = —u1 +apgiul +angius + ... +a1,811n,
/ +

u2 = —1Up + a22g2u2 =+ ... a2ng2unl (45)
/

U, = —Uy + Ann8nlUn,

where

4e—2(an1x1+apxo+.+ay,xn—61)

&= [1 + 6—2(4111X1+'112X2+---+411nxn—91)]2' (46)
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4672(a22xz+...+a2nxn762)
g2 = - —, (47)
1+e 2(agxp+... a2, %n 92)]2
46_2(11nnxn_9n>
(43)

&n = 1 +e—2(an,,xn79n)]2‘

The values of g; are positive and not greater than unity. The characteristic values for a
critical point are to be obtained from

apg1—1-A 41281 11181
ANl = 0 a22g2 —1—-A .. azngZ (49)
0 0 v Agpgn—1—A

and
det|/A —AIl = (a1181 — 1 —A)(angr —1—A)..

50
w(@pngn —1—A) =0. (50)
Evidently,
A =—1+ang,
/\2 =-1 + a82, (51)

An = =14 auugn.
Therefore, the characteristic values for any critical point are real, and the following

assertion follows.

Proposition 9. The triangular system (43) cannot have critical points of type focus.

7. Systems with Stable Periodic Solutions: Andronov-Hopf Type Bifurcations
7.1. 2D Case

We first study the second-order system

d
% = tanh(kx1 + bxy — 91) — b1x1,
(52)
% = tanh(axy + kx; — 62) — v,
where b = —a = 2, and k > 0 is the parameter. Choose a k small enough that a unique

critical point is a stable focus. Then, increase k until the stable focus turns to unstable one.
Then, the limit cycle emerges, surrounding the critical point. This is called Andronov-Hopf
bifurcation for 2D systems.

Example 6. Consider System (52) with the matrix
k2
W= ( ok ) (53)
and k = 0.5, bl = bz = 1, 91 =0.1, 92 =0.3.

The two nullclines and vector field for system (52) with matrix (53) are depicted in
Figure 6.
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Figure 6. The nullclines and vector field for System (52) ( x;—blue, xo—red) with Matrix (53).

There is one critical point: the stable focus. If the parameter k increases, the stable
focus turns to an unstable one. Then, the limit cycle emerges, surrounding the critical point.

Example 7. Consider System (52) with the matrix

W:(_k2 i) (54)

andk =1.1,b; = by = 1,6, = 0.1,6, = 0.3.

The two nullclines, vector field and limit cycle for system (52) with matrix (54) are
depicted in Figure 7.

Figure 7. The limit cycle in System (52) ( x;—blue, x,—red) with Matrix (54).

7.2. 3D Case
Consider now the 3D system with the matrix

k 0 b
W=1{0 ap 0], (55)
a 0 k
where 4, b, k are as in 2D system (52). The second nullcline is defined by the relation

1
Xp = E tanh(EZQQXQ — 92) (56)
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Choose the parameters so that Equation (56) has three roots. Then, the second nullcline
is a union of three parallel planes.

Example 8. Consider picture of nullclines in Figure 8. There are three periodic solutions in System
(56) with the matrix (57) are depicted in Figure 9.

15 0 2
w=| 0 25 0 (57)
-2 0 15

and bl = bz = bg = 1,91 = 0.1,97_ = 0,93 =0.2.

Figure 9. The three periodic solutions of System (56) with the regulatory matrix (57).

8. Control and Management of ANN

First, a citation from [22]: “Models of ANN are specified by three basic entities:
models of the neurons themselves—that is, the node characteristics; models of synaptic
interconnections and structures—that is, net topology and weights; and training or learning
rules—that is, the method of adjusting the weights or the way the network interprets the
information it receives”.

In this section, we discuss the problem of changing the behavior of the trajectories
of System (4). This may be interpreted as partial control over the system. The system has
as parameters the coefficients 4;;, the values 6; and b; in the linear part. Properties of the
system may be changed by varying any of mentioned.

We would like demonstrate how a system of the form (4) can be modified so that
trajectories start to tend to some of indicated attractor. For this, consider the system (4),
which has as attractors three limit cycles. This can be performed via three operations: (1)
put the entries of the 2D regulatory matrix, which corresponds to 2D system with the limit
cycle L, to the four corners of a 3D matrix A; (2) choose the middle element of the 3D matrix
A so, that the equation x; = tanh(axx; — 6;) with respect to x; has exactly three roots
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r1 < ra < r3; (3) set the four remaining values of 4;; to zero. Set also b; to unity. After
finishing these preparations, the second nullcline will be three parallel planes P;, going
through x, = r;,i = 1,2, 3. Each of these planes will contain the limit cycle. Two side limit
cycles will attract trajectories from their neighborhoods. The middle limit cycle will attract
only trajectories, lying in the plane P;.

Now, let us solve the problem of control. Let the limit cycle at P3 be conditionally
“bad”. The problem is to change the system so that all trajectories in Q3 are attracted to
the limit cycle which, at the beginning of the process, was in the plane P;. Problems of this
kind may arise often. In the paper [20], a similar problem was treated mathematically for
genetic networks.

Solution: Change 6, so that the equation x, = tanh(ax;x, — 6;) has now the unique
root near P;. The second nullcline is now the plane, passing near ry. This operation is
possible, since the graph of tanh(axxy — 6;) is sigmoidal, and changing 6, means shifting
the original plane P; in both directions. After that, only one attractor (limit cycle) remains.
The problem is solved.

In neuronal systems, the § parameters express the threshold of a response function
f ([4]). In genetic networks, 6; stands for the influence of external input on gene 7, which
modulates the gene’s sensitivity of response ([23]). The technique of changing the 6
parameters and thus shifting the nullclines was applied in the work [24] for building the
partial control over model of genetic network.

9. Conclusions

Modeling of genetic and neural networks, using dynamical systems, is effective in
both cases. The advantage of this approach, compared with other models, is the possibility
of following the evolution of modeled networks. Both systems have invariant sets trapping
the trajectories. As a consequence, the attracting sets exist. The structure and properties
of attractors are important for the prediction of future states of networks. Both systems
must have critical points. These points may be attractive (stable) or repelling. The limit
cycles are possible in both cases. The attractors, exhibiting sensitivity to the initial data, are
possible for three-dimensional GRN and ANN systems. Systems with specific structures
can have predictable properties. For instance, the triangular systems cannot have critical
points of the focus type. In contrast, the inhibition-activation systems typically have critical
points of this type, and can suffer bifurcations of Andronov-Hopf type. Partial control
and management are possible for GRN and ANN systems. In particular, some realistically
large-sized GRN systems allow for control and management by changing the adjustable
parameters. This problem is relevant to modern medicine.
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Abstract. The comparative analysis of systems of ordinary differential equations,
modeling gene regulatory networks and neuronal networks, is provided. In focus of
the study are asymptotical behavior of solutions, types of attractors. Emphasis is
made on the chaotic behavior of solutions.

1 Introduction

There are two important fields of application for ordinary differential equations,
namely, gene networks and neuronal networks. The evolution of these networks
can be modeled by systems of ODE. These systems have much similarity but
are not identical. The main goal of this article is to compare both systems. We
consider first two-dimensional ones and then define four-dimensional systems.
We are interested in attractors of both types systems.

Attractors of these systems are subsets of the phase space that attract the
trajectories of the system. The simplest attractors are stable critical points (in
other words, equilibrium states). More complex attractors are stable periodic
solutions - limit cycles. In addition to those indicated, chaotic attractors are
encountered more and more often, as real objects are studied. These attractors
are attracting more and more attention and are a popular object of study both
for specialists in the natural sciences and for mathematicians, economists, and
sociologists.
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In this article, the authors focus on two somewhat similar, and in some ways
significantly different objects, namely, genes and neural networks. The former
are present in the cells of living organisms and participate in the processes of
vital activity, response to the influence of the external environment and in the
processes of formation of the organism. We will use the abbreviation GRN for
gene networks. Second, neural networks are present in the brain of humans and
higher animals and control the functions of living organisms. This management
is extremely effective and is still the subject of study. It is natural to want to
reproduce the processes taking place in the brain with their efficiency and
apply them for management and control in various fields. At the moment, the
solution of this problem is far from complete.

In attempts to study both gene networks and neural networks, mathemat-
ical methods have been used. From the point of view of mathematics, both
types of these networks are a set of some elements, the nature of which is
not so important, and the connections between them. The question is how
these links can be described and whether non-trivial conclusions can be drawn
from mathematical models that will help solve the problems of understanding
the principles of network functioning and applying the knowledge gained in
practical activities.

Let’s focus on gene networks. They can be thought of as some kind of net-
work nodes that interact with other nodes by sending messages (proteins) that
tell other nodes to increase or decrease their activity. As a result, the state of
the network changes as needed, and a collective reaction of the network to what
is happening is developed. There are many unanswered questions here. In a
simplified scheme, the main question is how the state of the system changes
and what this will lead to. Among the mathematical models of gene networks,
there are very simplified ones that use two answers to describe each element,
yes or no, one or zero. And such models are useful and lead to the solution
of some practical problems. Let us mention the tasks of automatic, without
human intervention, solving the problems of managing telecommunication net-
works. Techniques and methods for the optimal allocation of resources in a
given situation in telecommunication networks are described in the works [9].
The main idea of this methodology is to reproduce schemes and principles of
gene network control in telecommunication networks. How successfully this
task is solved can be judged by the publications [10]. Models based on the
representation of gene networks as objects of graph theory, a well-developed
area of discrete mathematics, are very useful.

It seems to be the most effective modeling of gene networks using systems
of ordinary differential equations, where each equation describes a separate
element of the network. These systems are quasi-linear, that is, they consist
of linear and non-linear parts. In the linear part, a description of the network
assumes that there is no communication between the elements. The nonlinear
part contains information about the interaction of elements obtained on the
basis of experimental data. These nonlinearities are limited, which corresponds
to the real nature of the interaction. The description of the interaction between
the elements is contained in a special matrix built into the non-linear part of the
system. This matrix is usually called a regulatory matrix and is denoted W. The
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corresponding system in the case of two, three, and four elements is given in the
following sections. The solutions of the ODE system are vector functions that
depend on time. At each given moment, the state of the simulated network is
associated with the solution vector of the ODE system. By solving this system
(numerically or analytically), one can obtain important information about the
future states of the system, and, consequently, the network. That is why the
study of attracting sets (attractors) in the system of ODEs is an important
task.

All of the above applies to a large extent to neural networks. Artificially
built on the model of real neural networks, networks are called artificial neural
networks and are denoted by ANN.

ANNSs can also be modeled by ODE systems according to the previously
described scheme, and both ODE systems are similar. We are going to look
at both types of ODE systems, draw parallels and note the differences. Par-
ticular attention is paid to attractors in systems of both types. Previously
the comparison was made between three-dimensional systems, modeling GRN
and ANN [16]. In this paper we consider first two-dimensional systems of
both kinds, and then we construct four-dimensional GRN and ANN systems,
comparing their characteristics, such as the ability to have periodic attractors,
Lyapunov exponents etc.

The gene system (2.1) have appeared first in [19] (see also [12]). It was used
in [4,7] and in more recent papers [1,2,3,11,13,14,15]. Periodic solutions were
in a focus in [5,20]. For neuronal systems consult [6,8]. Chaos in differential
equations have been studied in [17].

2 GRN and ANN in general

The general system, which is used to model GRN of n elements, is

90/1 = fi(wiizs + ... + wipzy, — 1) — vi21,
xl2 = f2(w21x1 + ...+ wenxy — 02) — V22, (2 1)
2 = fo(Wp1m1 + .o+ Won Ty, — 0p) — Vp T,

where f;(z) are sigmoidal functions, which are monotonically increasing from
zero to unity and have a single inflection point. They are chosen to be smooth.
In the sequel we use the Gompertz function f(z) = e~¢ "". The parameter
1 characterizes the incline of the graph in vicinity of the inflection point. If
1 tends to positive infinity, the graph of the function tends to be piece-wise
linear with almost vertical middle segment and two infinite segments almost
zero and almost unity. The parameters v; are for the natural decay of solutions
(exponentially tending to zero) in the absence of a nonlinear part. The matrix
W = w;; is for the description of interaction of the elements x;. The positive
w;; means activation of x; by z;. Similarly, the negative value of w;; means
inhibition (repression) and zero value of w;; means no interaction. The system
(2.1) is used as a (simple) model of interaction of genes in a living organism.
The parameters p are for the individual characterstics of genes, the parameters
0 are for the thresholds, upon reaching which the gene begins to respond.

Math. Model. Anal., 29(2):277-287, 2024.
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The general system, which is used to model ANN of n elements, is

dx

—tl = tanh (w1121 + wi2Zo + ... + W1pT,) — b1y,

% = tanh (’w21131 —+ Wooxo + ...+ ’wgnl}n) - bQZCQ, (22)
dx,,

- = tanh (w121 + Wpas + . . . + WpnTyn) — buTp.

The hyperbolic tangent function tanh(z) is sigmoidal, but its range of values
is (—1,1). This system is understood as a set of neurons (identified as z;),
where each element absorbs signals from other ones, and elaborate its own
single output. More details on systems (2.1) can be found in [4] and [8]. On
application of the system (3.1) in multi-dimensional setting for medica purposes
the reference [18] should be consulted.

Both systems have an invariant set in the phase space. The first system has
an invariant set {0 < x; < 1/v;, @ = 1,2,...,n}. The vector field, generated
by (2.1), is directed inward on faces of the invariant set, which can be checked
by direct inspection, taking into account the range of values for the sigmoidal
functions f;, which is (0, 1), and positivity of the coefficients v;. Similarly, the
second system (2.2) has an invariant set {—1/b; < x; < 1/b;, i =1,2,...,n}.

This is the reason why both systems always have critical points. Moreover,
both systems have attractors, which locate in the invariant sets.

3 2D genetic system

Genetic networks can be modeled by systems of ordinary differential equations.
Consider the two-dimensional system with the Gompertz function

dxy _e—m(wiizyfwigwa—01)
—— = — bz,
Jlt (3.1)
X9 _e—m(warm1 fwagza—02)
— =€ - b2$27
dt

where p, 6; and b; are parameters.

Proposition 1. There exists at least one critical point. All critical points (z,y)
; 1 1

are in (0, 3-) x (0, 5-).

Proof. The nullclines of the system (3.1) are given by the relations

_e—m(wiizytwigza—071)
{ b1$1 =e ¢

9
bo e_e*#(’W21$1+'W22w2*92) (32)
242 = .

The critical points are solutions of the system (3.2). The first nullcline stretches
in the strip 0 < 27 < 1/by, since the range of values of the functions on the right
sides in (3.2) is (0, 1), and the coefficients b; are positive. Similarly, the second
nullcline extends from —oco to 400 in the ‘orthogonal’ strip 0 < xo < 1/bs.
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Both strips meet in the rectangle 0 < z7 < 1/b1, 0 < x93 < 1/bs and intersect
there. 0O

The number of critical points is finite, and cannot exceed the number nine (for
the two-dimensional case). This (nine points) can happen when both nullclines
have a Z-shaped form, one Z is normal, and the second Z is rotated at the angle
ninety grades.

We will construct an example of a two-dimensional system of the form (3.1),
which defines rotating vector field. Let the coefficient matrix in (3.1) be

W—<_12 f) (3.3)

and p=4,b; =by =1, 6 =1.2,0, = —0.5. There is one critical point and a
limit cycle exists.

It is depicted in Figure 1 together with the nullclines and the vector field.

o8} |
0.4
02l | AN j . 02

/ \ |
0.0F/--4-F4--- 1 00f=

-0.2f, ! P e -0.2 L- !
02 00 02 04 06 08 10 12 -02 00 02 04 06 08 10 12

Figure 1. The closed trajectory of Figure 2. The attractors in system
the system (3.1) with the regulatory (3.1), with matrix (3.4), by = bz =1,
matrix (3.3), b1 =ba =1, p =4, n=4,0,=-050=1.2.
0, =1.2,02 = —0.5.

Now we construct the second two-dimensional system. Let the coefficient

matrix in (3.1) be
1.7 -2
w=( 4 2. (3.0

and u =4, by = by =1, 0 = —0.5,05 = 1.2. There is one critical point and
limit cycle exists.

It is depicted in Figure 2 together with the nullclines and the vector field.

The vector field, defined by the system (3.1), is directed inward on the
border of the box. The rotation of the vector field is counter-clock wise.

Math. Model. Anal., 29(2):277-287, 2024.
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4 Example for 4D GRN-system

Consider the system

dx, _e—H(wiizytwigzatwigrztwigry —01)
= - bll’l,
Jit
X2 _e—H(ware)twagratwazrztwagry —02)
— = — bawa,
4
X3 _e—H(wziz)twiszatwazrztwgzqry —03)
775 = e - b31.37
g1174 _e—w(warzy twypeatwyzeztwygwy —0g)
— =€ - b4£134
dt

(4.1)

with the parameters by = by = b3 =by = 1l,u=4,60, =60, =120, =03 =
—0.5 and regulatory matrix

1 2 0 0
-2 1 0 0
W= 0 0 17 =2
0 0 2 17

It consists of two independent 2D systems. The first 2D system has the stable
periodic solution with the period T =~ 3.19. The second one has the periodic
solution with the period Ty &~ 7.68. Therefore the period attractor exists for
the 4D system (4.1). This system has been studied numerically (Wolfram

Mathematica), provided a description of the phase space and images of 3D
projections.

The oscillatory solutions are shown in Figure 3 and the attractor is shown
in Figure 4.

{x1, x2, x3, x4}

\ \ [\ / [\
081\ [ / \‘ [\ ] \ [ ‘4” \
osf Y 1
0.4p

0.2}

Figure 3. Solution (z1,z2,z3,24) of

Figure 4. The projection of the
system (4.1).

attractor on 3D (z1, x2, z4)-subspace
of the system (4.1).

5 2D neuronal system

Consider the system, arising in the theory of neuronal networks. The hyperbolic
tangent sigmoid function is used in the model.
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dz
! = tanh (’LU11£IJ1 + ’LU12£L'2) — blxl,

it (5.1)
X2
—= = tanh (w2171 + wo2T2) — baTa,

where b; are parameters.

Proposition 2. There exists at least one critical point. All critical points (z,y)
are in (—ﬁ, %) X (—i, é)

Let the coefficient matrix in (5.1) be

W=<_22 ;) (5.2)

and b; = by = 1. There is one critical point and limit cycle exists.
It is depicted in Figure 5 together with the nullclines and the vector field.

|
|
| /
‘i
b

0.0 \ i :
AR
IPYIRNANN

Figure 5. The attractors in Figure 6. The attractors in
system (5.1), with matrix system (5.1), with matrix
(5.2), b1 = by =1. (5.3), b1 = b2 = 1.

Let the coefficient matrix in (5.1) be

W= < 152 1‘; ) (5.3)

and b; = by = 1. There is one critical point and limit cycle exists. It is depicted
in Figure 6 together with the nullclines and the vector field. The vector field,
defined by the system (5.1), is directed inward on the border of the box.

6 Example for 4D ANN-system

Consider the system
d:cl

Jﬁ:’;

—= = tanh (w2121 + woaks + Wa3x3 + Wass) — baxa,

@

= tanh (w1121 + w1222 + W13Ts + Wiaks) — b121,

(6.1)
= tanh (w3121 + w3222 + w33Ls + Waaks) — bzxs,

= tanh (w41:c1 =+ wyoxo + Wy3T3 + 1U44£E4) — b45€4

Math. Model. Anal., 29(2):277-287, 2024.
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with the parameters by = bs = b3 = by = 1 and regulatory matrix

2 2 0 0
-2 2 0 0
W= 0 0 12 -2
0 0 2 12

It also consists of two independent 2D systems. The first 2D system has the

stable periodic solution with the period T; ~ 6.85. The second one has the

periodic solution with the period 75 = 3.76. Therefore the period attractor

exists for the 4D system (6.1). The oscillatory solutions are shown in Figure 7.
The attractor is shown in Figure 8.

(x1, x2, x3, x4)

Figure 7. Solution Figure 8. The projection
(z1,x2,23,24) of system (6.1). of the attractor on 3D
subspace on (z1,z2,z4) of
system (6.1).

7 Conclusions

Both GRN and ANN systems have similar behavior. The results, obtained for
gene networks, can in many cases be transferred to neuronal systems, and vice
versa. Depending on the matrix W, the genetic system can have attractors
such as stable equilibria, limit cycles, and, for higher dimensions, also chaotic
attractors. The critical points and nullclines can be shifted and moved by
manipulating of the parameters 6. One critical point always can be placed into
the center of the invariant set by the appropriate choice of 6.

The ANN system is comparatively easier to study since it has not param-
eters u and 6. It also can have attractors in the form of stable equilibria and
limit cycles. Higher order samples of neuronal systems can be constructed by
composing several two dimensional systems with known behavior into larger
ones. In this way systems of any dimension can be constructed possessing at-
tractors. The chaotic behavior of solutions can be observed for 4D systems and
higher, as shown in the Appendix.
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Appendix

If we change a little bit the regulatory matrix, the behavior of solutions tends
to be chaotic. We provide the matrix W, solutions with given initial data,
the projection of an attractor and Lyapunov curves. For both gene system
(4.1) and neuronal system (6.1). Consider first the system (4.1), where the
regulatory matrix is

1 2 0 —06
21 0 0

=10 017 -2 (7.1)
05 0 2 17

Let us recall that the elements added to the matrix, have the following mean-
ing. The added element at the upper right corner describes inhibition of the
first element x; by the last one x4. Conversely, the element at the lower left
corner is for the activation of the element x4 by the first one z;. Without these
elements the system has a periodic attractor. So adding inhibition and activa-
tion appropriately brings the disbalance in the system, and this leads to chaotic
behavior.

T
&bl
" ;/’W“/\/M
Figure 9. Solutions Figure 10. The Figure 11. The
for system(4.1) with projection of the dynamics of Lyapunov
perturbed regulatory attractor on 3D exponents for
matrix (7.1) and subspace on system(4.1) with
01 =04=1.2,02= (z2,x3,24) of system perturbed regulatory
03 = —0.5,u = 4. (4.1) with perturbed matrix (7.1) and
regulatory matrix 01 =04 =1.2,00 =

(7.1). 03 = —0.5, = 4.


https://doi.org/10.1038/ncomms11323
https://doi.org/10.1016/S0006-3495(72)86068-5
https://doi.org/10.1016/j.physleta.2010.04.015

Comparative Analysis of Models of GRN and ANN 287

Some solutions are depicted in Figure 9. The respective trajectory tends to
an attractor. The 3D projection of this trajectory is shown in Figure 10.

The Lyapunov curves are constructed with the aim to detect the sensi-
tive dependence of solutions to the initial data. The Lyapunov curves for our
example are depicted in Figure 11.

[ 20 a0 00 S0
Steps

Figure 12. Figure 13. The Figure 14. The
Solutions for system projection of the dynamics of Lyapunov
(6.1) with perturbed attractor on 3D exponents for system

regulatory matrix subspace on (6.1) with perturbed
(7.2). (w2, x3,24) of system regulatory matrix
(6.1) with perturbed (7.2).
regulatory matrix
(7.2).

Following the same scheme, consider the neuronal system (6.1) with the
matrix (7.2)
2 2 0 -06
-2 2 0 0
=10 012 2 | (72)
04 0 2 1.2

Some solutions are depicted in Figure 12.

The trajectory tends to an attractor, formed by two two-dimensional limit
cycles. The 3D projection of this trajectory is shown in Figure 13. The Lya-
punov curves in Figure 14 provide indications to the chaotic behavior of solu-
tions.
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Abstract. A multiparameter system of ordinary differential equations, arising in the theory of neuronal networks, is considered.
The structure of this system presupposes the presence of attractors. The problem of control and management of this system by
changing parameters is considered. The conditions are given for the transition of the trajectory from the basin of attraction of one
attractor to another attractor. Examples and illustrations are provided.

INTRODUCTION

Artificial neural networks (ANN) have appeared as attempts to model the functioning of the human brain. The study
of ANN became a very popular field of application of mathematical methods and has resulted in the creation of
multiple efficient tools to deal with real-world practices. In some models [7], [5] the neurons are considered as simple
input-output elements which can accept a cumulative signal from many other elements and produce their own response
(which is transferred further). When looking for dynamics of this process, one can find in the literature two approaches
using systems of ordinary differential equations. The first one is represented by systems of the form
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which appears in different contexts and for different dimensions in [20], [19], [3], [8], [9], [6], [4]. The three dimen-
sional version, aiming to model simple neuronal network, was studied in [5]. Elements x; in (1) are interpreted ([5])
as neurons, and the elements w;; are the weights of “the synaptic connection from neuron 7 to neuron j”. The sig-
moidal response function f(z) = m makes the system nonlinear. The parameters 6; and y; are respectively the
threshold and the slope of a response function. We emphasize presence of the threshold parameter 6; in each equation.
The value of the response function is always positive since the range of the sigmoidal function is an open interval
(0, 1). The constant positive coefficients v; are the degradation rates (without the nonlinearities solutions of system (1)
exponentially tend to zero). Some authors allow v; be dependent on the variables x;.
On the other hand, another system
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can be used to model neuronal network ([10], [18, Ch. 6.10]). The system (2) is a three-dimensional version. The
advantage is that the response can be also negative now, since the range of values of the hyperbolic tangent function is
(-1, 1). The present model has as an output a set of trajectories which can tend to different attractors. In the next section
some properties of system (3) are listed. An example is provided of a system which have three nontrivial attractors
(closed trajectories). The ability to manage system (3) by changing parameters 6 is demonstrated. The structure of the
phase space changes, and a selected trajectory falls into the basin of attraction of the desired attractor. For the practical
use of similar approaches, see [2], [1], [9], [12],[15], [13].

Control by changing nullclines

Consider the system (2). Let us modify it by introducing the threshold parameter.

x7 = tanh(ai1x1 + a12x2 + a13x3 — 61) — byxy,
x;, = tanh(az x1 + anxs + axx; — 62) — baxz, 3)
Xg = tanh(as1 x1 + aza X2 + aszzxz — 03) — bz xs.

Let for simplicity b; = 1 for i = 1,2, 3. For our purposes this is not restriction of generality.
We will need the nullclines, which are defined by the system

X1 = tanh(a11x1 + dipXp + d13X3 — 91),
X2 = tanh(az1x1 + axnxy + axx; — 62), 4)
x3 = tanh(az1x1 + azpxs + azzxz — 03).

The critical points (which are called also the equilibria), are solutions of the system (4).
This system has the following properties:
1) It has an invariant set Q3 = {—-1 < x; < 1, i =1,2,3};
2) It has at least one critical point;
3) It can have multiple critical points, but their number is limited;
4) It can have stable critical points, which are the simplest attractors;
5) It can have an attractor in the form of a stable periodic solution (limit cycle);
6)It can have an attractor in the form of a stable periodic solution (limit cycle);
These properties were confirmed by appropriate proofs and the construction of examples in the works [1] to [4],
[11] to [17].
Assertion. We claim that the system (3) can be controlled by changing the parameters 6.
Geometric justification for this is the following. The three-dimensional system has three nullclines. The critical
points are points of intersections of nullclines. The mutual location of nullclines define the existence of other attractors
also, including stable closed trajectories, serving as attractors.

Example

Consider system (2) with coeflicients a;; as in the matrix below
22 =13 0
A=l 3 22 0 |, 5)
0 0 22

and b; = 1 for i = 1,2, 3. The system takes the form

x} = tanh(2.2x; — 1.3x, — 6)) — x1,
x, = tanh(3x; +2.2x; — 6) — x2, (6)
xg = tanh(2.2x3 — 63) — x3,

where 6; = 0 for i = 1,2, 3. The nullclines are given by

x1 = tanh(2.2x; — 1.3x, — 6,),
xp = tanh(3x; + 2.2x; — 6,), @)
x3 = tanh(2.2x3 — 03),



where 6; = 0 for i = 1,2, 3. The two-dimensional system

x1 = tanh(2.2x; — 1.3x,), (8)
Xxp = tanh(3x1 + 2.2x;)

has the limit cycle which serves as an attractor. The third equation (with respect to x3) in (7)
x3 = tanh(2.2x3) 9)

has exactly three roots, say z; < z» < z3. The third nullcline is a union of three planes x3 = z;, i = 1,2,3, and in
any plane the limit cycle (8) appears as a two-dimensional closed trajectory. Denote them Cy, C;, C3. The trajectories
C, and Cj, corresponding to respectively z; and z3, attract trajectories from their neighborhoods, but C, attracts the
trajectories that locate only on the plane x3 = z,. The trajectories C; and C5 (red and blue ones) are depicted in Figure
2(left) together with a couple of trajectories (red and blue) tending to them.

Suppose that the problem of control is to send all the trajectories starting in the unit cube Qs, to C; (blue attractor).
This is possible for system (7) if the parameters 6; are chosen appropriately.

Solution. Do not change the coefficient matrix A and b;, but set 6; = —0.01, 6, = —0.01, 65 = —0.9. This affects
all nullclines. The third nullcline is defined by the equation

x3 = tanh(2.2x3) + 0.9. (10)

Both equations (9) and (10) are visualized in Figure 1. Under the new choice of 85 the equation (10) has only one root.
Consequently, only one attractor remains in Q3 in the form of a closed trajectory. It is shown in Figure 2 on the right.
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FIGURE 1. Visualization of equations (9) (left) and (10) (right).

Conclusion

There are at least two forms of dynamical mathematical models for neuronal networks. The first one uses the positive
valued response function, depending also on the threshold parameter 6. The second one uses the response function
with broader value range including negative values. Combining both forms makes it possible to obtain a (partially)
controlled system. In this note, we have demonstrated a geometrically transparent control that allows us to reorient
the trajectories to the chosen attractor.
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