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The purpose of this paper is to provide basic information on the growth of the beaver popula-
tion in Latvia. We built a generalised logistic model and used time series data on beavers from 
1927–2008 to estimate the upper limit of the population’s growth rate. The main findings are 
as follows: (1) The upper limit of the annual growth rate was 0.121–0.270/year. The growth 
rates estimated in the literature were mostly lower than the upper growth rate limits estimated 
in this study. (2) Our results suggest that the growth curve is not well described by a logistic 
curve. However, the shape of the growth function around the end of the 1980s and early 1990s 
might be similar to a logistic curve, which implies that the results of previous studies are valid. 
(3) Our results suggest that the annual growth rate was relatively high around the end of the 
1980s and early 1990s, which coincides with intensive beaver hunting. This result is interesting 
because we removed hunt data from estimations since it was appropriate. This might imply 
that our method and estimation results are appropriate.
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INTRODUCTION

In Latvia, the beaver, Castor fiber (Linnaeus, 
1758), was reintroduced for the first time in 
1927. Supplementary reintroductions followed in 
1935 and 1952. Natural dispersal from Belarus 
started between the late 1950s and the early 1960s 
(Balodis 1990). The number of beavers increased 
because of this successful re-acclimatisation; 
consequently, beaver hunting was reinitiated in 
1981. Beavers have traditionally been a profitable 
game animal because of their expensive furs. The 
beaver population size has been monitored and/

or estimated fairly regularly, and basic studies 
(e.g. on the distribution and growth rate) have 
been conducted.

However, the sale of beaver products in foreign 
markets stopped, especially after the 1990s; 
thereafter, the cull limits of the beaver in Latvia 
have not been met for many years. Furthermore, 
many other attractive, larger hunting animals 
such as moose, Alces alces, and red deer, Cervus 
elaphus, are considered more desirable trophies. 
Therefore, a substantial annual increase in the 
population has continued. Worse, the wolf, 
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Canis lupus, is the only scientifically confirmed 
(Campbell et al. 2005) predator that preys on the 
beaver as one of its main foodstuffs, especially in 
the summer (Novak 1987, Andersone 1999, 2003, 
Ueda et al. 2004). However, the impact of the 
wolf on the beaver population appears to be too 
weak to control population growth. Consequently, 
the beaver’s distribution has expanded, and 
the number of conflicts between beavers and 
humans has increased. Basic information is 
crucial for appropriate management of the beaver 
population. The Latvian State Forest Service 
has been monitoring the beaver population size 
continuously, but basic studies have not been 
performed since that of Balodis (1990, 1998).

The purpose of this paper is to estimate basic 
biological parameters, which are necessary in 
the conservation of the beaver. In this paper, we 
used the estimated population size and annual 
number of hunts to estimate the growth rate 
and carrying capacity of the beaver population. 
Unfortunately, we were unable to estimate the 
carrying capacity. However, if we assumed that 
the current population size is lower than the 
carrying capacity, we could estimate the upper 
limit of the growth rate. Moreover, by changing 
the range of estimation period, we could estimate 
the above parameters for different periods.

Some existing studies have estimated the growth 
rate of the beaver population in Latvia (Balodis 
1990, 1998). The mathematical model used 
and/or mentioned as a growth function in these 
studies is the logistic curve.1 However, there is 
no guarantee that the logistic curve best fits the 
growth function of the beaver in Latvia. One 
of the contributions of this paper is to adopt a 
generalised model of the logistic curve. As shown 
below, the best functional form is not necessarily 
a logistic curve.

1 However, these studies basically use the 
following function for the estimation of the 

growth rate: t
t NNr 0= , where tN  and 

0N  are the population size of the year t  and 
initial year, respectively.

MATERIAL AND METHODS

Data

We used official data of the estimated population 
sizes provided by the Latvian State Forest Service; 
they are also available from the compilation 
of statistics by Vanags (2010). The beaver 
population size in Latvia has been estimated 
from 1928, with some gaps until 1953; thereafter, 
continuous estimated values are available. Cull 
limits are available from 1995 onwards; cull 
limits were also imposed during the Soviet era 
and were fully satisfied because fur was a quite 
profitable material at that time. Hunting started 
in 1981, and the continuous data of the number 
of hunts were available afterwards, although 
we did not use them. We used the estimated 
population size from 1954–2008 for estimations 
in this paper; this is because continuous data are 
required for estimation.

The population size of year t is denoted as
which is currently evaluated on April 1 every 
year. In fact, the beaver population census is 
conducted around this date.2 Usually, beaver 
delivery occurs from late April to early May. For 
nearly a decade, hunting season started in August 
and continued until the end of the year, while 
mating season takes place from late January to 
February. As hunting season was extended after 
2009 to include mating season, we used data until 
2008 for analyses. For the sake of simplicity, we 
assumed all beavers reach maturity at 2 years 
of age.

2 Currently, population censuses are conducted 
on April 1 every year. However, before 2003, 
they were conducted on March 1 every year. In 
fact, population estimates were made on March 
1 for most of the beaver-harvesting period, 
but hunting season spanned October 1 until 
March 31. Therefore, this assumption might 
not be appropriate before 2003. However, the 
error might not be serious and we adopted this 
assumption for the sake of simplicity.
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Mathematical models and methods

The mathematical model used in this paper is the 
generalised logistic curve (Richards 1959) with 
lag, which is as follows:

( ) ( ) ( ) ( )tN
K

tNrtNtN 






 −
−=−+

θτ11    

where ( )tN , r , K , τ , and θ  are the beaver 
population size in year t , growth rate, carrying 
capacity, time lag, and unspecified power, 
respectively. The value of τ  is set at 2. If the 
values of θ  and τ  are set at 1 and 0, respectively, 
eq. (1) is reduced to the Verhulst-Pearl logistic 
curve; if they are set at 0 and 0, respectively, eq. 
(1) is reduced to the Gompertz curve (Gompertz 
1825, Winsor 1932).

For the estimation, we modified eq. (1) as follows:

  

w h e r e ( ) ( )TNtNY −+= 1 , ( )tNX = , 
( ) ( )tNtNZ θτ−= , and ε  is residual term.

The number of hunted beavers is often added as 
one of the factors in mathematical models. That 
is, we should use ( ) ( ) ( )thtNtNY +−+= 1  
instead of ( ) ( )TNtNY −+= 1 . However, in 
our study, we did not include these values because 
the number of hunted beavers is somewhat in 
line with the declining reproduction in beaver 
families. However, the number of mating pairs 
does not decrease proportionally with culls in 
the population. Beavers usually share their nest 
with their family. If they have no offspring and 
a mate is killed, a new single partner living in 
a less favourable habitat from the surrounding 
area might join them and build a new family; this 
function can be referred to as ‘mate substitution’. 
If a beaver pair has offspring and some of 
the offspring are killed, this does not directly 
influence the reproduction for that year. There 
might be a small possibility that parents are killed 
and only offspring are left at the nest. Therefore, 
although the number of reproducing pairs might 
be reduced due to hunting, the number of mating 
pairs will be maintained relative to the number of 

hunted beavers. Consequently, it follows that it is 
more appropriate to use ( ) ( )TNtNY −+= 1  
than ( ) ( ) ( )thtNtNY +−+= 1 . In fact, 
when we used ( ) ( ) ( )thtNtNY +−+= 1  
for estimation, the performance of the results was 
unfavourable since the t  values were smaller, 
the sign of the parameter was not satisfied, and 
the estimated vales of the carrying capacity were 
negative.

We applied both simple ordinary least squares 
(OLS) and OLS with the Cochrane-Orcutt 
methods (OLSwCO). High or low Durbin-Watson 
statistics suggested the results suffered from serial 
correlation. One of the most widely used methods 
for avoiding correlations is the application of the 
OLSwCO (Wooldridge 2006).

As mentioned in the Results section, we cannot 
select the best model among candidates based on 
statistical criteria alone. Therefore, we estimated 
the upper limit of the growth rate assuming that 
the current population size is lower than the 
carrying capacity. This assumption is appropriate 
because the estimated population size increased 
until 2008. If the current population size is 
larger than the carrying capacity, the estimated 
population size is expected to decrease. We 
estimated the upper limit of the growth rate for 6 
time ranges: 1956–1983, 1956–1988, 1956–1993, 
1956–1998, 1956–2003, and 1956–2008.

RESULTS

The results are listed in Tables 1–6. As shown in 
each table, the performance of both 2.Radj  and 
the Akaike Information Criterion (AIC) improve 
as the value of θ  increases. However, we cannot 
select the best model for the following reason. 
The AIC is usually used as a criterion for selecting 
the best model. If the difference in the AIC values 
of 2 models is <1, we cannot determine which one 
is better. As the differences in the AIC values were 
<1 in all tables (e.g. in Table 5, the AIC values are 
between 14.910 and 14.838 for the OLSwCO), we 
cannot select the best model (or the value of θ ) 
from the 6 candidates. It follows that we cannot 
estimate the unique carrying capacity ( K ) or the 
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Estimating the upper limit of the growth rate of the Eurasian beaver, Castor fiber (Linnaeus, 1758), in Latvia
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growth rate ( r ) from our data.3

However, as suggested above, it is possible to 
estimate the upper limit of the growth rate if we 
assume that the current population size is less 
than the carrying capacity. The relationships 

3 To be more precise, we must select the best 
value of θ  that minimizes the AIC. However, 
in our case, the AIC monotonically increases or 
decreases within the range of 0.2 < θ  < 1.0.

among θ , K , and r , whose values are provided 
in Tables 1–6, are plotted in Fig.1 (OLS) and 
Fig. 2 (OLSwCO). We applied two functions to 
calculate the value of the upper limit of r . For 
example, calculations were performed as follows 
in the case of the OLS from 1956–2008. First, we 
applied the exponential function for the graph 
plotted in Fig.  1.

The result was ( )θ3732.2exp3882.1=K  
(Table 7). Next, we calculated the value of 

Fig. 1. Relationships between θ and the estimated growth rate (above), and between θ and the 
estimated carrying capacity (below) when applying the OLS.
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θ  assuming that the carrying capacity and 
the current population size were the same. 
Since the estimated current population size 
in 2008 was 82,277 heads, θ  should be 
4.63081.4 Then, we applied a cubic function 

4 The values of θ  = 0.2, 0.4, 0.6, 0.8, and 1.0 
were automatically replaced by 1, 2, 3, 4, and 
5 in graphs in Microsoft Excel. Therefore, θ  
= 4.631 was divided by 5 to calculate the true 
value of θ  = 0.926 in Table 7.

for the graph plotted in Fig. 2. The result was 
337.01517.00373.00032.0 23 +−+−= θθθr  

(Table 7). By inputting θ  = 4.63081, we obtained 
r  = 0.117. If we apply the above procedure for all 
12 cases (6 cases for OLS and OLSwCO each), 
we obtain the results shown in Tables 7 and 8. 

DISCUSSION

Since there is a risk of serial correlation in many 
cases, we used the results that were based on the 
OLSwCO. However, since the estimated values 

Fig.  2. Relationships between θ and the estimated growth rate (above), and between θ and the 
estimated carrying capacity (below) when applying the OLSwCO.
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Estimating the upper limit of the growth rate of the Eurasian beaver, Castor fiber (Linnaeus, 1758), in Latvia
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of the upper limits of r  by both the OLS and 
OLSwCO are close, the conclusions for both 
cases will be the same.

First, let us compare our results with the estimated 
values in existing studies. Balodis (1990) 
provides values for several parts of Latvia in 
Table 3.34; the r values range 1.12–1.65. Balodis 
(1998) estimated the growth rate of beavers 
in Gauja National Park at 1.103/year. As our 
results are net growth rates and earlier studies 
estimated gross growth rates, some modification 
is necessary to enable comparisons.5 As expected, 
some studies report larger values compared to the 
upper limit of our results; however, most of these 
values are close to or satisfy the upper limits.6 
Therefore, our results are concordant with those 
of previous studies.

Second, let us discuss the change in upper limits 
of r . As mentioned above, beaver hunting was 
reinitiated in 1981, and relatively intensive but 
well-controlled hunting continued until 1991. 
The upper limit of r  achieves a maximum when 
estimating using data from 1956–1988. This 
result is consistent with intensive hunting during 
that time. It is quite interesting that although we 
did not include the number of hunted beavers in 
our estimation, the results suggest that the growth 
rate when hunting was intensive was substantially 
higher than that during other periods. Yet, this 
phenomenon might also be due to tendencies in 
number estimation procedures. The figures are 
possibly biased by the strict regulation of harvest 
quotas; i.e. during the period of high demand for 
beaver fur, population estimates pulled ahead of 
quota allowance. 

5 For comparisons, the net growth rate of 0.15 
can be stated as 15% and the gross growth rate 
of 1.15 can be stated as 15%.

6 Since we used data from all of Latvia, our 
results are average values for the entire beaver 
population in Latvia. This implies that when 
comparing results from a specific place, the 
growth rate in specific places is actually larger 
than that reported in our results.

Third, the upper limit of r  decreases after the 
data range from 1956–1993 is used (Table 8). 
The possible reasons for this are that (1) hunting 
pressure was reduced, and (2) the population size 
increased, making it more difficult to support 
additional population.

Finally, let us determine if the application 
of a logistic curve as the growth function is 
appropriate in the case of beavers in Latvia. The 
values of θ  range 0.795–0.982 and 0.779–0.983 
for the OLS and OLSwCO cases, respectively. 
Our model was reduced to a logistic curve when 
θ  = 1. It is well known that if θ  = 1, the growth 
curve is a convex upward quadratic function. In 
our case, θ  < 1; therefore, the growth function 
was skewed towards the left, which implies that 
the peak of the population increment occurred in 
the first half stage of population growth. As the 
values of θ  around 1956–1988 and 1956–1993 
are near 1, the results of Balodis (1990, 1998) 
appear to be valid.

CONCLUSIONS

The number of hunted beavers has become 
progressively lower than the cull limits set by 
the Latvian State Forest Service for 2 decades. 
On the other hand, forestry damage caused by 
beavers is one of the most crucial human–wild 
animal conflicts. To obtain basic information 
for proper management, we estimated the upper 
limit of the growth rate of beavers in Latvia. Our 
results suggest that the growth rate was higher 
during the 1980s, when beaver fur was most 
expensive and hunting pressure was strongest. 
The high growth rate might imply a compensatory 
response of the beaver population; however, bias 
in number estimates caused by fur demand cannot 
be excluded. Although the growth rate decreased 
recently under weak hunting pressure, the beaver 
population might increase until it reaches the 
carrying capacity. In addition, when considering 
habitat quality, it might be favourable for beavers 
to limit their population size. The lower growth 
rate observed in recent years might reflect the 
fact that the population size was substantially 
large compared with the carrying capacity, also 

Kawata Y., Ozoliņš J. 
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reflecting the fact that hunting pressure was 
low. From both human (e.g. commercial forest 
preservation) and beaver perspectives (e.g. better 
habitat), some measure of beaver population 
control is necessary.
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